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Abstract. In this paper we construct and study an action of the afiine 
braid group associated to a semi-simple algebraic group on derived cat- 
egories of coherent sheaves on various varieties related to the Springer 
resolution of the nilpotent cone. In particular, we describe explicitly the 
action of the Artin braid group. This action is a "categorical version" of 
Kazhdan-Lusztig-Ginzburg's construction of the afBne Hecke algebra, 
and is used in particular in [BMj in the course of the proof of Lusztig's 
conjectures on equivariant _ft'-theory of Springer fibers. 



Introduction 

0.1. The goal of this paper is to introduce an action of the affine braid group 
on the derived category of coherent sheaves on the Springer resolution (and 
some related varieties) and prove some of its properties. 

The most direct way to motivate this construction is via the well-known 
heuristics of Springer correspondence theory. Let 3 be a semi-simple Lie 
algebra over let vr : g — 7> be the Grothendieck-Springer map and 
vr' : — )• TV C be the Springer map; here TV is the nilpotent cone and 
TV is the cotangent bundle to the flag variety. Let g^eg C g be the subset 
of regular elements and greg = 7r^^(0rcg)- Then vr|g^^g is a ramified Galois 
covering with Galois group W, the Weyl group of g. Thus W acts on greg by 
deck transformations. Although the action does not extend to an action on 
g, it still induces various interesting structures on the Springer resolution TV. 
The most well-known example is the Springer action of W on (co) homology 
of a fiber of vr', called a Springer fiber. The procedure of passing from the 
action of W on greg to the Springer action can be performed using differ- 
ent tools, such as minimal (Goresky-MacPherson) extension of a perverse 
sheaf (see |L1] for the original idea of this construction, and [J 3] for a de- 
tailled treatment and further references), nearby cycles, or degeneration of 
the correspondence cycle (see |Gll ICGj ). 

The main result of this paper can also be viewed as a realization of that 
general idea. Namely, we show that a "degeneration" of the action of W 
on greg provides an action of the corresponding Artin braid group B on the 
derived categories of coherent sheaves X'^Coh(TV), P''Coh(g). More precisely, 

^In the body of the paper we work over a finite localization of Z or over a field of 
arbitrary characteristic rather than over C. Such details are ignored in the introduction. 
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we consider the closure of the graph of the action of w € on Qreg- 
Using this as a correspondence we get a functor D''Coh(0) — > P^Coh(g); we 
then prove that there exists an action of B on P''Coh(g) where a minimal 
length representative T^, G B of w € acts by the resulting functor. It also 
induces a compatible action on I?^Coh(A/'). 

The fact that functors admitting such a simple description give an action 
of the braid group is perhaps surprising; it implies that the closures of the 
graphs are Cohen-Macaulay. 

Furthermore, the categories in question carry an obvious action of the 
weight lattice X of G which is identified with the Picard group of the flag 
variety; here an element A € X acts by twist by the corresponding line 
bundle. We prove that this action of X together with the above action of B 
generate an action of the extended affine braid grou|0 Bag. 

In fact we construct a structure stronger than just an action of Baff on the 
two derived categories of coherent sheaves; namely, we show the existence 
of a (weak) geometric action of this group. Informally, this means that the 
action of elements of the group come from "integral kernels," i.e. complexes 
of sheaves on the square of the space, and relations of the group come from 
isomorphisms between convolutions of the kernels. Formal definition of this 
convolution requires basic formalism of differential graded schemes. On the 
other hand, this geometric action induces a usual action on the derived 
categories of varieties obtained from TV, g by base change. In the simplest 
case of base change to the transversal slice to a subregular nilpotent orbit we 
recover the action of Baff on the derived category of the minimal resolution 
of a Kleinian singularity considered e.g. in \ST\ IBdj . 

0.2. We now list some contexts where the action of Bag appears and plays 
an essential role (see [B2j for a complementary discussion). 

The work p3Mj uses the geometric theory of representations of semi-simple 
Lie algebras in positive characteristic developed in [BMRl IBMR2j to deduce 
Lusztig's conjectures on numerical properties of such representations (see 
|L2tlL3j ). It uses the action considered in this paper, which is related to the 
action of Bag on the derived category of modular representations by inter- 
twining functors (or shuffling functors, or Radon transforms, in a different 
terminology). In fact, [BM] and the present paper are logically interdepen- 
dent. This application was our main motivation for considering this action 
over a localization of Z. The action studied in this paper (and in particular 
its version for certain differential graded schemes) also plays a technical role 
in the study of Koszul duality for representations of semi-simple Lie algebras 
in positive characteristic (see [R2]). 

The induced action of Bag on the Grothendieck group of C*-equivariant 
coherent sheaves factors through an action of the affine Hecke algebra^ i.e. the 

^In the standard terminology (see [Bo]) this is the extended afRne braid group of the 
Langlands dual group ^G. In fact, this may be viewed as the simplest manifestation of 
the relation of our Bafi-action to Langlands duality mentioned below. 
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action of simple reflections satisfies a certain quadratic relation. A weak form 
of the categorical counterpart of the quadratic relation is used in [BMj : a 
more comprehensive development of the idea that our action induces an ac- 
tion of the "categorical afhne Hecke algebra" is the subject of a forthcoming 
work by Christopher Dodd. 

In fact, in view of the work of Lusztig and Ginzburg, the monoidal cate- 
gory V^Coh^^'^ (0 Xgfl) (or the A/"- version; the monoidal structure on these 
categories is defined below) can be considered a categorification of the affine 
Hecke algebra. See [B2j for a discussion of an equivalence between this cat- 
egorication and another one coming from perverse sheaves on the affine flag 
variety of the dual group. Such an equivalence, inspired by the ideas of 
local geometric Langlands duality theory, also implies the existence of the 
Baff-action constructed in this paper (at least over C). 

Another approach to the construction of the B-action (over C) relates it 
to the well-known action of B on the category of D-modules on the flag 
variety by Radon transforms (see e.g. [BBM]). Passing from L>-modules 
to coherent sheaves on the cotangent bundle is achieved by means of the 
Hodge D-modules formalism. We plan to develop this approach in a future 
publication. 

Finally, we would like to mention that in the A/"- version of the construc- 
tion, (inverses of) simple generators act by reflection at a spherical functor 
in the sense of |An[ IRo] (see Remark I1.6.2P , and that in the particular case 
of groups of type A the action (in its non-geometric form, and over C rather 
than a localization of Z,) has been constructed in [KhT| and more recently, 
as a part of a more general picture, in [CaK] . 

0.3. Contents of the paper. In Section [1] we prove (under very mild re- 
strictions on the characteristic p of our base field) that there exists an action 
of Baff on 'D^Coh(g) and 'D^Coh.{J\f) where generators associated to simple 
reflections in W and elements of X act as stated above. This result was al- 
ready proved under stronger assumptions and by less satisfactory methods 
in |R1] . We also extend this result to the schemes over a finite localization 
of Z. 

In Section [2] we prove that, if p is bigger than the Coxeter number of 
G, the action of the element G B (it; G W) is the convolution with 
kernel Oz^ ■ This proof is based on representation theory of semi-simple Lie 
algebras in positive characteristic. We also extend this result to the schemes 
over a finite localization of Z, and (as an immediate consequence) over an 
algebraically closed field of characteristic zero. 

In Section [3] we prove generalities on dg-schemes, extending results of 
\R2\ §1]. (Here, we concentrate on quasi- coherent sheaves.) In particular, 
we prove a projection formula and a (non-fiat) base change theorem in this 
context. 

In Section [4] we use the results of Section [3] to show that the action of Bag 
induces actions on categories of coherent sheaves on various (dg-)varieties 
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related to M and g, in particular inverse images of Slodowy slices under the 
Springer resolution. 

Finally, in Section [5] we prove some equivariant analogues of the results 
of Section [4] which are needed in [BM] . 

0.4. Acknowledgements. Part of this work was done while both authors 
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"New Connections of Representation Theory to Algebraic Geometry and 
Physics." Another part was done while the second author was visiting the 
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1.1. Notation. Let Gi be a split connected, simply-connected, semi-simple 
algebraic group over Z. Let C Bi C Gz be a maximal torus and a Borel 
subgroup in Gi. Let C C Qi be their respective Lie algebras. Let 
also Ui be the unipotent radical of Bi, and nz be its Lie algebra. Let $ 
be the root system of (Gz,Iz), and be the positive roots, chosen as the 
roots of 0z/bz. Let S be the associated system of simple roots. Let also 
X := X*{Ti) be the weight lattice. We let be the coadjoint representation 



Let W be the Weyl group of <I>, and let =5^ = {sq, a € S} be the set of 
Coxeter generators associated to S (called simple reflections). Let W^^^ := 
W x liR be the affine Weyl group, and IVaflf := x X be the extended 
affine Weyl group. Let B C B^g^ C Bag be the braid groups associated with 
W C C Waff (see e.g. |BMR2l §2.1.1] or [Rl, §1.1]). Note that W and 

W^^^ are Coxeter groups, but not Waff- For s,t E -5^, let us denote by Ug^t 
the order of st in W. Recall (see [BRJ ) that Bag has a presentation with 
generators {Tg, s G o5^} and {6x, x € X} and the following relations: 



Relations of type (i) are called finite braid relations. 

Recall that there exists a natural section Waff ^ Baff of the projection 
Baff Waff, denoted w ^ (see [BUMl §2.1.2], [BR]). We denote by ^aff 
the set of simple affine reflections, i.e. the natural set of Coxeter generators 
of (which contains and by Saff the set of affine simple roots. By 

definition, Eag is in bijection with o5^aff via a map denoted a i-^ Sa. We 
denote by i the length function on W^g^, and extend it naturally to Waff. 
Note that B is generated by the elements Tg (s G y), B^g^ is generated 



1. Existence of the action 



of Gz. 



(i) TsTt ■ ■ ■ 

(ii) ejy = 

(iii) T,e, = 

(iv) = T, 



• = TtTg ■ ■ ■ {us^t elements on each side); 

= 9xTs if s{x) = x; 
^sOx-aTs if s = Sq and s{x) = x — a. 
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by the elements Ts {s £ o5^aff)i and Bafi is generated by the elements 
(s G ^aff) and T^iojen := {w G W^s \ K^) = 0}). 

In this paper we study an actioiiEl of the group Bair on certain derived cat- 
egories of coherent sheaves. Let us introduce the varieties we will consider. 

Let R be any (commutative) algebra. We replace the index Z by i? in 
all the notations introduced above to denote the base change to R. Let 
Br := Gr/Br be the flag variety. Let Mr := T*Br be its cotangent bundle. 
We have the more concrete description 

Mr = Gr {qr/^rT = {{X, qBr) G 0|j x^j I = 0}. 

Let also qr be the Grothendieck resolution, defined as 

m = Gr {QR/nRT = {{X^qBr) G Q*r Xr Br I X\g.^^ = 0}. 

There is a natural inclusion i : Mr ^ Qr, and a natural morphism qr g|j 
induced by the projection on the first summand. 

The varieties Qr and Mr are endowed with an action of Gr Xr (GnijR, 
where Gr acts by the natural (diagonal) action, and {Gm)R acts via 

t-{X,gBR) = {t^X,gBR). 

We will also consider the diagonal action of Gr Xr (Gm)R on qr x rQr and 
Mr xrMr- 

For any i?-scheme X endowed with an action of (Gin)_R, we denote by 

(1) : r'^Coh(^-)«(X) ^ 2:'^Coh(^-)«(X) 

the shift functor, i.e. the tensor product with the free rank one (Gni)_R- 
module given by the natural identification (Gm)/? = GL(l,i?). We denote 
by (j) the j-th power of (1). 

If A G X, we denote by C'e^(A) the line bundle on Br naturally associated 
to A. And if X — )• Br is a variety over Br, we denote by Ox (A) the inverse 
image of ©^^(A). 

For any i?-scheme X, we denote by AX C X x r X the diagonal copy of 

X. 

1.2. Convolution. Let X be a smooth scheme over R, and let pi,P2 '■ 
X XrX ^ X he the projections on the first and on the second component. 
We define the full subcategory 

Vl,,^Coh{X xrX)c V'Coh{X xrX) 

as follows: an object of P''Coh(X XrX) belongs to Ppj,opCoh(X x r X) if 
it is isomorphic to the direct image of an object of P^Coh(y) for a closed 

3 As in [BMRl [B2l [Rl] . here we consider the weak notion: an action of a group F 
on a category C is a group morphism from F to the group of isomorphism classes of 
auto-equivalences of C. See Remark 12.2.2( 4) for comments on a stronger structure. 



6 



ROMAN BEZRUKAVNIKOV AND SIMON RICHE 



subscheme Y d X y.^ X such that the restrictions of pi and p2 to Y are 
proper. Any F G Co\i{X x/j X) gives rise to a functor 



prop ^ 

V^Coh{X) P^Coh(X) 



Let pi,2,P2,3,Pi,3 :Xx/jXxi?X— >Xxj?Xbe the natural projections. 

^prop ^ 



The category 'D^^^^Coh.{X X/jX) is endowed with a convolution product, 
defined by 



With these definitions, for F,g e V^^^^Coh{X XrX) we have a natural 
isomorphism (see e.g. [Rll Lemma 1.2.1] or |Huy| ) 

F^oF| ^ F^*^. 

One can define similarly convolution functors for equivariant coherent 
sheaves. We will use the same notation in this setting also. 

The convolution formalism is compatible with base change: if R' is an 
i?-algebra, and ii X' = X Xgp^^^^j^-^ Spec(i?'), then the (derived) pull-back 
under the morphism X' x ji> X' X x ji X is monoidal, and the (derived) 
pull-back under the morphism X' ^ X is compatible with the actions. 

1.3. Statement. Let now i? be a finite localization of Z. For s € o5^, we 
denote by 

Zs,R 

the closure of the inverse image of the Gfi-orbit of {Br/ Br, sBn/ Br) G 
Br Xji Br (for the diagonal action) under the morphism Xg* qb. ^ 
Qr^rQr ^ Br Xi? Br. It is a reduced closed subscheme of qr Xg*^ qr. We 
also define the following closed subscheme of {Mr xrQr): 

Z'^ j^ := Zs,Rn{MR XrQr). 

(Note that here we consider the scheme-theoretic intersection.) It is easy to 
prove (see e.g. Lemma 12.12. II below for a more general claim in the case of 
a field) that Z'^ ^ is in fact a closed subscheme of Mr x^*^ Mr. 

We define ric G {1,2,3,6} to be the smallest integer such that 2 | if 
Gz has a component of type F4, and 3 | nc if Gz has a component of type 
G2. The main result of this section is the following. 

Theorem 1.3.1. Let R = 

I- TIG J 

There exists an action b 1— >• J;,, respectively b i-> J'j,, o/Bag on the category 
P''Coh(gR), respectively P''Coh(A/i?,), such that 

Oz 

(1) For s G ,y, Jts) respectively J'rp , is isomorphic to F~ "'^ , respec- 
tivelyF- 
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(2) For X € X, Jq^, respectively J'g^, is isomorphic to -Pg^"^*^^ \ respec- 

tively F~ ^ , or equivalently to the functor of tensoring with the 
line bundle Og^(x), respectively Oj^^{x). 

Moreover, these two actions are compatible (in the obvious sense) with 
the inverse and direct image functors 

~ Ri* 
Li* 

In fact, we will also prove an equi variant analogue of this result: 

Theorem 1.3.2. Let R = 'L\—\. 

There exists an action b J^^, respectively b i-> J^'*^^, o/Baff on the cat- 
egory I)^Coh^«''«(''^'")«(0R), respectively V^Co\P'^'"^^^'^^^{Nr), such that 

(1) For s G y, J!^, respectively i'^^, is isomorphic to -^j^^"'^^ \ f^- 
spectively F~ ; 

Nr 

(2) For x G X, J^'^, respectively i'f^, is isomorphic to F~ , respec- 
tively F~ ^ , or equivalently to the functor of tensoring with the 

Nr 

line bundle Oq^{x), respectively 

Moreover, these two actions are compatible (in the obvious sense) with 
the inverse and direct image functors 

X»^Coh^«^«(^'")«(A/'ij) < X>''Coh^«^«('^'")«(0R). 

Li* 

1.4. Preliminary results. Let i? be a finite localization of Z, and let A 
be a finitely generated J?-algebra, which is fiat over R. For any prime p G Z 
which is not invertible in i?, consider the specialization Ap := A 0R¥p, and 
the extension of scalars Ap := A ¥p = Ap i^iWp ^p- For any object M of 
V''Mod{A) we set 

Up := M^nWp in X'''Mod(^p), 
Mp := M®R% in X'^Mod(^p). 

Lemma 1.4.1. Let M G V^M.od^^{A). 

(1) // Mp = for any prime G Z not invertible in R, then M = 0. 

(2) If Mp is concentrated in degree for any prime p not invertible in 
R, then M is concentrated in degree 0, and is flat over R. 

Proof. First, one can clearly replace Mp by Mp in these properties. 

The ring R has global dimension 1, hence any object of I'^Mod(-R) is 
isomorphic to the direct sum of its (shifted) cohomology objects. Hence it is 
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enough to prove the following properties for a finitely generated j4-module 
M: 

(*) if M (g)j^ Fp = for any p, then M = 0; 
(**) if Tor^i(M, Fp) = for any p, then M is flat over R. 

Let us first prove (*). It is enough to prove that for any maximal ideal 
dJt C A, the localization is zero. Then, by Nakayama's lemma, it is 
enough to prove that M<m/TI ■ A%t = M/Tl ■ M = 0. However, by the 
general form of the Nullstellensatz ([Eij Theorem 4.19]), ^/9Jt is a field 
extension of R/p ■ R = ¥p for some prime p not invertible in R. Hence 
M/Tl ■ M is a quotient of M (g)/? Fp, hence is indeed zero. 

Property (**) implies that multiplication by p is injective on M for any 
p. Hence M is torsion- free over R, hence fiat. □ 

Lemma 1.4.2. Let k be an algebraically closed field. 
We have 

k if i = 0; 



if ij^O. 



Proof. Let r : gt — )• ;Bk be the natural projection. Then we have = 
Sog i-M), where ^A is the dual to the sheaf of sections of 0k- The action of 
Gm on Bt is trivial; the Gm-equivariant structure on Sc)g^(A^) is given by 
the grading such that A4 is in degree —2. Hence the claim follows from the 
similar result for B^^, which is well-known (see e.g. [BrKl Theorem 3.1.1]). □ 

Proposition 1.4.3. Let R be any finite localization ofTL. 

Let M. € 'D^Qjo\P^^^^^'°^^^(^r xrQr)- Assume that for any prime p not 
invertible in R there is an isomorphism 



in V^Coh. *'p "'■^''p^g_ ^_g_~)_ Then there exists an isomorphism 



in P*Coh^«>^«(^-)«(0fi xrQr). 



Proof. By Lemma ll.4.1l |2]). A4 is concentrated in degree 0, i.e. is an equi- 
variant coherent sheaf, which is fiat over R. Consider the object 



M) 



in V^Mod{R). Here, {-)(^'^)r is the functor of (Gm)j?-fixed points. Note 
that this functor is exact by |JH Lemma 1.4.3. (b)], and commutes with 
specialization by |J1|. Equation 1.2.11.(10)]. As qr is proper over g*j^, the 
object RT(gRXR'QR, M) is an object of the category 2?''Mod'^^(Sij(0ij©0ij)), 
hence M is in fact in the subcategory X'*Mod^^(i?). For any p not invertible 
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in R we have 

where the first isomorphism follows from base change. By Lemma 11.4.21 
this object is concentrated in degree 0. Hence, by Lemma Il.4.1l !j2]). M is 
concentrated in degree 0, i.e. is a finitely generated (graded) i?-module. 
For any prime p not invertible in R we have 

by Lemma [l.4.2[ Using the classical description of finitely generated modules 
over a principal ideal domain, it follows that M = R. Hence we also have 

T(qr xrqr, 7W)G«x«(g^)« ^ 
Hence there exists a non-zero {Gr X/j (Gni)/j)-equivariant morphism 

which is unique up to an invertible scalar in R. 

Let J be the cocone of (j), so that we have a distinguished triangle 

For any p not invertible in R, Og^x^g^ ^R^p and A4 ®R¥p are both con- 
centrated in degree 0, and (j) is surjective. It follows that Ai 0R¥p 
is also concentrated in degree 0. By Lemma ll.4.1l |2]). we deduce that J is 
concentrated in degree 0, i.e. that (j) is surjective. It follows that 

M = Ox 

for some Gr Xr (Gni)i?-stable closed subscheme X C Qr xjiQji. 

For any p not invertible in R we have X Xgpec(_R) Spec(Fp) = ^Qf^- In 
particular, this fiber product is reduced. As moreover X is flat over R, 
the arguments of [BrK^ Proof of Proposition 1.6.5] imply that X itself is 
reduced. 

Let Y be the restriction of X to {qr qji) \ (Aqr). For any p not 

invertible in R we have Oy ^R^p = 0. By Lemma ll.4.1l fT]) we deduce that 
Y is empty. As X is reduced, it follows that X is included in Aqr, i.e. that 
(j) factors through a {Gr Xr (Gni)_R)-equivariant morphism 

Let I be the cone of tp. Then for any p not invertible in R we have 

I^RFp = 0. By Lemma [l.4.1lfT]) again we deduce that 1 = 0, i.e. that 
ip is an isomorphism. □ 



10 



ROMAN BEZRUKAVNIKOV AND SIMON RICHE 



1.5. Reduction to the case of an algebraically closed field of positive 
characteristic. To prove Theorem 11.3. H it is easier to replace R by an 
algebraically closed field of positive characteristic. In this subsection we 
explain how to justify this reduction. 

Let s £ ,5^ . Then the subscheme Z^^g C 0z Xz 0z can be described 
explicitly (see |Rll §1.4]). Let P^^z C G% be the minimal parabolic subgroup 
of Gz containing i?z associated with s, and let Vs^tl = Gi/Ps^i be the 
associated partial flag variety. Then Zs^i is a vector bundle over Bi x-p^ z-Sz, 
of rank rkz(bz) — 1- (Note that in |Rlj we work over an algebraically closed 
field; the case of Z is similar. Also, if s = Sq, for a € S, the scheme Zg 
is denoted by Sa in |Rlj .) In particular, Z^^z is a smooth scheme, flat 
over Z. And, for any algebraically closed field k, the reduction Zs^k '■= 
^Spec{R) Spec(Ik) is also smooth, and is also the closure of the inverse 
image in Xg* of the orbit of (Bk/Bu, sBtj^/Bk) G Bt Xt Btj^. 

Lemma 1.5.1. Let R he as in Theorem \1. 3. 1[ 

There exist isomorphisms in V^Coh'^^^ '^^'^"^^'^ (qr X/Jflij)-' 

Proof. Let M := Oz,^ji{-p,p- a) ★ Oz,^n{2). By Proposition [1103] be- 
low, for any p not invertible in R we have a {Gf^ (Gm)f^)-equivariant 
isomorphism 

"Up 

By Proposition[Ll31 we deduce that M = Oa^b in P*Coh'^«^«('^'")«(0/jXi? 
Qr). The second isomorphism can be proved similarly. □ 

Proof of Theorems \1. 3. 1\ and \1.3.'2[ Consider first the case of g^. What we 
have to prove is that the kernels Oz^ « (s G -5^) and 0^g^{x) {x € X) satisfy 
the relations of the affine braid group Bag given in §1.11 in the monoidal cat- 
egory (I?''Coh^^^^^'^'"^^(gi^ XrQr),*). Using Lemma fl.S.ll one can rewrite 
these relations as stating that certain objects of T>''Coh.^''^^^'^'^^'^(QRXRQR) 
are isomorphic to OAg^ • By Proposition 11.4.31 it is enough to prove the 

isomorphisms after applying the derived specialization {— (>SiR¥p). In this 
setting, relation (i) is proved in Corollarv ll.l2.4l and the other relations are 
proved in the end of Nl.lOl 

The case of Mr is similar. The compatibility of the actions with the 
functor Ri^: easily follows from the definition and the projection formula. 
The compatibility with Li* follows by adjunction. □ 

1.6. Statement for an algebraically closed field. From now on and 
until the end of the section we fix an algebraically closed field k of charac- 
teristic p >0. All the schemes we will consider will be over k. In particular, 
we will consider the specialization of all the varieties defined over Z above. 
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For simplicity we drop the index "k." In particular we have the variety 
defined in §1.51 We set 

Z'^ := Z,n(Arx0) ^ Z;2;Xsp,,(2;)Spec(k). 

This is a closed subscheme of A/" x M . 

In the end of this section we will prove the following result, which is a 
version of Theorems 11.3.11 and 11.3.21 over k. Note that the case p = is not 
excluded, though it is not needed to prove Theorems 11.3.11 and 11.3.21 

Theorem 1.6.1. Assume p ^ 2 ifG has a component of type F4, and p 7^ 3 
if G has a component of type G2- Then there exists an action b 1— ?• J;,, re- 
spectively b I-)- J'f,, o/Bafi on the category P''Coh(g), respectively 'D^Coh.{J\f), 
such that 

(1) For s G J^, Jts, respectively , is isomorphic to F~ , respectively 

TP . 

N ' 

(2) For 2; e X, Jg^, respectively J'q^, is isomorphic to p^^^^^^ ^ respec- 

tively Fj^^^ ! or equivalently to the functor of tensoring with the 
line bundle 0-^{x), respectively Oj^{x). 

Moreover, these two actions are compatible (in the obvious sense) with 
the inverse and direct image functors 

Li* 

Similar results hold for the categories 'D^CohP^^'^(Q), V^CohP^^'^ {Kf). 

This theorem was announced by the first author in [B2j. It was proved, in 
the case G has no component of type G2 (with a slightly stronger restriction 
on p) , by the second author in |Rlj . Here we do not make any assumption 
on the group, and we avoid case- by-case analysis. 

The proof of the theorem is given in ^I.IUI and Corollary I1.12.4[ It is 
based on a different interpretation of the scheme Z^, see Remark 11.8.51 

Remark 1.6.2. Let s € , and consider the associated parabolic flag 
variety Vs (see gLS]). Set Ms ■.= T*{Vs), and let Ds := Ms x-p^ B. We have 
a closed embedding is : Ds ^ M (where Ds is a divisor) and a projection 
Ps '■ Dg ^ Ms, which is a P^-bundle. It follows from [An', Example 3] that 
the functor 

R{is)*L{ps)* : V^Coh{Ms) V^Coh{M) 

is a spherical functor of dimension 2. Hence this is also the case for the 
functor 

M ^ 0^{-p) (^oj^ RiisWpsTiM) 

(see \Aia\ Proposition 2.(2)]). It is not hard to see, using the exact sequences 
of [Rll Lemma 6.1.1], that the corresponding twist functor defined in [An] 
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(see also [Roj ) is isomorphic to the action of (T^)^^ constructed here. Since 
the element Tg^^ for an affine simple root ao £ ^aff \ is conjugate to Ts 
for some s E ^5^ (see |BMl Lemma 2.1.1]), we see that all inverses of Coxeter 
generators of B^^^^ act by reflection at a spherical functor. 

1.7. More notation. For each positive root a, there are subgroups Ua, 
U-a of G naturally attached to a and —a. We choose isomorphisms of 
algebraic groups Uq, : k — > [/q, and n_Q, : k — t- U-a such that for all t € T 
we have t ■ Ua{x) ■ = Ua{a{t)x) and t ■ u-a{x) ■ = u-a{c({t)~^x), 
and such that these morphisms extend to a morphism of algebraic groups 
V'a : SL(2,k) G such that 

= U-a{x), X G k, 
y Gk\ 

= [ea,e-a\ = d(a^)i(l). 



Then n+ is the Lie algebra of the unipotent radical of the Borel subgroup 
of G opposite to B with respect to T. 

If P is a parabolic subgroup of G and V is any finite dimensional P- 
module, there exists a natural vector bundle C,Qip{y) on G/P associated 
to V (see im §1.5.8]). If X G/P is a variety over G/P, we denote by 
^x(y) the inverse image of Ca/piV). 

1.8. Regular elements in g*. In this subsection we prove some elementary 
facts about the coadjoint action of G in g*. If p is not too small, then g* is 
isomorphic to g as a G-module, and all the results we need are well known 
(see e.g. [J3j). However, these facts have to be checked directly (without 
using g) if we want to relax the assumptions on p. Some of these facts are 
proved in [Xu. §5], using the same arguments as those of \J3\ and some 
results of [KW] . 

Let ^ G (g/n)*. The restriction morphism (g/n)* (&/n)* is i?-equiva- 
riant, and the B-action on (b/n)* is trivial. It follows that the centralizer 
Zb{C) has dimension at least the rank r of G. The same is true a fortiori for 
Zcii). By pTWl Lemma 3.3] we have Q* = G ■ (g/n)*. Hence for all ^ G g* 
we have dim(ZG'(^)) > r. We denote by g*gg the set of regular elements 
in g*, i.e. the set of ^ G g* such that dim(ZG(^)) = rk(G). By standard 
arguments, this set is open in g* (see e.g. [Hu, §1.4]). 

Lemma 1.8.1. Let ^ G g, and assume that C|n®n+ = 0- Then ^ is regular if 
and only if for all a G i{ha) ^ 0. 



V'a ( \ 1 ) = ^a{x), ^c,\\\ 



We define the elements 

Cq, := d(nQ,)o(l), e_a := d(n_Q,)o(l), ha 
We let 

n+ := ^ k-Co 
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Proof. This follows immediately from |KW1 Lemma 3.1(i), (ii), (iv)]. □ 

Let g*g C Q* be the set of regular semi-simple elements, i.e. of ^ G g* such 
that there exists g (z G such that g ■ ^ satisfies the conditions of Lemma 
11.8.11 By \KW\ Theorem 4(vi)], under our hypotheses this set is non-empty 
and open in g*. By Lemma ll.S.ll it is contained in 3*eg- 

Remark 1.8.2. If G = SL(2,Ik) and p = 2, then the set of regular semi- 
simple elements of g is empty, whereas g*s / 0- 

Let us denote by (g/n)*s, respectively (g/(n©n'^))*g the intersection g*sn 
(g/n)*, respectively g*^ n (g/(n n+))*. 

Lemma 1.8.3. The action morphism induces an isomorphism of varieties 

[/x(g/(nen+));3^(g/n);. 

Proof. Let us first show that this morphism is surjective. Let ^ G (g/n)*^. 
We have dim(ZB(^)) > r, hence Zg{S,)° = Zb{S,)°, hence in particular 
Zg{£,)° C B. As ^ is regular semi-simple, ZciiY is a maximal torus. Hence 
there exists b e B such that Zg(6 ■ = 6 • ZgHY ■ b'^ = T. Then T 
stabilizes b ■ hence b ■ ^ ^ id/i^ © '^'''))*- Writing b = tu for some t e T, 
u eU,we have u • ^ G id/i^ ® i^'''))?s- 

Now we prove that the morphism is injective. For u U and G (g/(n© 
n+))* we have u • C ~ ? ^ (s/^)*- Hence, using the decomposition (g/n)* = 
(g/(n©n+))*©(g/b)*, it follows that ^ is uniquely determined by n-^. Then 
if ^ is regular semi-simple and ui • ^ = n2 • ^ we have {ui)~^U2 G Zg{C) C 
7Vg(^g(0°)- By Lemma [LO we have ZciO" = T, hence (ui)~^ti2 G 
Ng(T) n U, which implies ui = U2- 

Then one can prove that the inverse bijection (g/n)*g — )• [/ x (g/(n©n+))*g 
is a morphism exactly as in \J3\ §13.3]. □ 

Let grs be the inverse image of g*^ under the natural morphism vr : g ^ g*. 
Using [Xut Lemma 5.4, Lemma 5.5(iii)], one obtains the following (see also 

m §13.4]). 

Corollary 1.8.4. There exists a free action of W on the variety grs, such 
that the restriction tTj-s : grs — > gj^s of tt is a principal W -bundle. □ 

Remark 1.8.5. Let s G o5^. Using the action of CoroUarv 11.8.41 one can 

give a different interpretation of the variety Zg'. it is the closure of the graph 
of the action of s on grs* Indeed, Zg clearly contains this closure, and both 
schemes are reduced, irreducible and of the same dimension. 

1.9. Action of W on grcg* Consider the morphism tt i g — y g*. Let now 

greg be the inverse image of greg under tt. In this subsection we prove that 
the action of W on grs (see Corollary 1 1.8.4 j) extends to greg. 

Lemma 1.9.1. Let ^ G (g/n)rcg; CLn-d a G S. Then either £,{ha) or S,{ea) is 
non-zero. 



14 



ROMAN BEZRUKAVNIKOV AND SIMON RICHE 



Proof. Let Pa be the minimal standard parabolic subgroup of G attached 
to a, and let pa be its Lie algebra. Assume ^(/lo) = (,{ea) = 0. Consider 
the restriction morphism 

(g/(n e kha ke^))* A {pa/{n kha © kca))*. 

There are natural P^-actions on both spaces, and this morphism is Pa- 
equivariant. Moreover, the P^-action on (pQ,/(n © k/iQ © keo))* is trivial. 
Hence q{Pa ■ = qiOi and dim(P„ • ^) < #(^>+) - 1. It follows that 
dim(G • ^) < — 2, hence ^ is not regular. □ 

Proposition 1.9.2. There exists an action ofW on the variety 0reg, whose 
restriction to Qrs is the action of Corollary 11.8.41 

Proof. Let s € S^, and let Zl^^ be the restriction of Zg to fl^eg- Consider 
the projection on the first component pi : Zl'^^ — )• 0reg- This morphism is 
proper, birational, with normal image. Moreover, it follows easily from the 
explicit description of Zg in |R1] and Lemma 11.9.11 that it is bijective (see 
e.g. Lemma [2.9. II below). Hence it is an isomorphism of varieties. Similarly, 
the projection on the second component p2 ■ Zl^^ — )■ greg is an isomorphism. 
Let us denote by fg : 0reg — ^ 0reg the isomorphism given by the composition 
of p2 with the inverse of pi . We claim that the assignment 

s ^ fs 

extends to an action of the group W on the variety 0reg- 

First, for any s € =5^, by symmetry of Zg under the exchange of the two 
copies of 0, fg is an involution. Hence we only have to check that these 
morphisms satisfy the braid relations. However, these morphisms stabilize 
the dense open subset 0rs C 0reg, and their restrictions satisfy the braid 
relations by Corollary ll.8.4[ Hence the braid relations are satisfied on the 
whole of 0reg- This finishes the proof. □ 

The precise description of 0reg will not be important for us. The only 
property that we need is the following. We prove it only under a very mild 
restriction on p. In this section, this assumption (which is probably not 
necessary) will only be used in the proof of the following proposition. 

Proposition 1.9.3. Assume p 7^ 2 if G has a component of type F4, and 
p 7^ 3 if G has a component of type G2 ■ Then the codimension of g \ g^cg 
in is at least 2. 

Proof. By G-equivariance, it is sufficient to prove that the codimension of 
(0/n)* \ (0/n)*eg in (0/n)* is at least 2. We can assume that G is quasi- 
simple. 

First, we have 

(1.9.4) (0/n); = (0/(n © n+)); + {g/b)*. 

Indeed, the inclusion C follows from Lemma 11.8.31 Now if ^ is in the right- 
hand side, by the arguments of [KW, §3.8] there exists u & U such that 
u-^eig/in® n+))*s- Hence ^ G (g/n)*^. 
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By (I1.9.4P and Lemma [1.8.1\ the complement of (fl/n)*^ in (s/n)* has 
components the 

Ca = {CeiQ/nr\aha)=0} 

for a £ <I>^. To prove the proposition, it is sufficient to prove that (0/n)*gg 
intersects any Cq. 

Assume that there is only a finite number of G-orbits in the "dual nilpo- 
tent cone" TV' := G ■ (g/b)*. Then there exist regular nilpotent elements 
in Q* , hence (0/b)*gg ^ 0. Moreover, elements of (0/b)*gg are obviously in 
Ca n (0/Ti)reg for any a, which finishes the proof in this case. Unfortunately, 
we could not prove this property in general. Observe, however, that it is 
satisfied if g is a simple G-module (because in this case Af' identifies with 
the usual nilpotent cone in g), for example if G is of type G2 and p / 3 (see 
[Hul §0.13]). This property is also proved if G is of type B, C or D and 
p = 2 in §5.6]. 

The following alternative argument works if, in addition to the assumption 
of the proposition, we assume that p 7^ 2 if G is of type B, C or G. 

Fix some a G We claim that, under our assumption, for (3 ^ a 

we have ha 7^ /i^. Indeed for this fact we can assume that a is a simple 
root, using the action of Ng(T). Then the claim follows from the facts 
that the /i^'s, 7 G S, form a basis of t (because G is simply connected), 
that = ci(/3^)i(l), and from a look at the tables in [Bo]. Hence one can 
consider some ^ G (o/ti)* such that ^(e^) = 1, S,{ha) = 0, ^(e^) = for all 
/3 G \ {a}, and ^(/i/j) / for all /3 G \ {a}. 

We claim that such a ^ is regular. Indeed, the Jordan decomposition 
of C (see [KW] ) is ^ = + where ^ n is zero on t and on any e^j for 
/? 7^ a, and ^n(ea) = 1- By unicity of this decomposition, we have ^g(0 = 
ZG{(,s)<^ZG{S,n)- Now by construction and \KW\ Lemma 3.1], La := Zg{S,s)° 
is a reductive subgroup of G of semi-simple rank 1, with Lie algebra g— a O 
t© g^. And one easily checks that dim(Zi^(^„)) = r (this is essentially a 
computation in SL(2,lk)), which finishes the proof of the proposition. □ 

Remark 1.9.5. Let ^ G g* be such that ^|g^ 7^ for a G S, ^|g^ = 
for 7 G $ \ S and = 0. Then ^ is nilpotent, and it follows from the 
proof of [Xu| Lemma 5.13] that ^g(0 C B. Then it is easily checked that 
^ciO = Z{G) X Zu{S^), where Z{G) is the center of G. Hence, to prove that 
is regular, one only has to prove that Zij{i) has dimension r. It may be 
possible to use this observation to prove Proposition 11.9.31 in the remaining 
two cases by direct computation, in the spirit of [Ken]- 

1.10. Kernels associated to simple reflections. Fix a G S, and let 

s = Sa- Consider the minimal standard parabolic subgroup Ps associated to 
a, and the corresponding partial flag variety Vg = G/Pg. Let ps be the Lie 
algebra of Pa, and p"^^ its nilpotent radical. Consider the variety 

g, := Gx^^(g/pf)* = {(X, 5P.) G g* x 7^, | X|g.p„n = 0}. 
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There is a natural morphism tTs '■ Q ^ Qs, and we consider the (scheme- 
theoretic) fiber product q q. It is reduced, and has two irreducible 
components, Zg and Zi = Ag (see [Rll §1.4]). Recall that there exist exact 
sequences of G x Gm-equivariant coherent sheaves on g x g 

(1-10.1) Oa0(-2) Osx,^ - Oz/, 

(1.10.2) OzA-P,P-^) 00x,^0 Oa0, 

see jRl| Corollary 5.3.2]. Let us observe that for both sequences the surjec- 
tion is induced by restriction of functions, and that the second sequence is 
induced by the natural exact sequence of sheaves on B x B 

These exact sequences allow to give a simpler proof of statement ([2]) of 
the following proposition, which was proved by explicit computation in \R1\ 
Proposition 1.5.2]. 

Proposition 1.10.3. (1) There exist isomorphisms 

in the category V^^^pCoh'^^'^'^Cg x g). 
(2) The kernel Oz^i^) is invertible, with inverse Ozs{—p,p — (x){l). In 
other words, there exist isomorphisms in Dpj,QpCoh'^^'^'"(g x g); 

OzA-p,p-a)*Oz^ ^ Oa5(-2), Oz^ ^ Oz^-p, P - a) = Oa~,{-2). 

Proof. ([1]) We only prove the first isomorphism, the second one can be 
treated similarly. Arguments similar to those of |RH Proposition 5.2.2] 
show that there is an isomorphism 

Ogx^j^Oz, = ^(Id X n,y o R{ld X n,),Oz^. 

Now the morphism 

Id X TT^ : Qxgs 

is proper, has normal image (indeed, this image coincides with the graph 
g Xg^ g^ of TTs, hence is isomorphic to g), and is birational when considered 
as a morphism from Zg to this image. Hence, by Zariski's Main Theorem, 
(Id X ■Ks)*Ozs — Ogx- Moreover, by the same arguments as in [Rlt 
Proposition 2.4.1], i?*(Id x Tfs)*©^^ = for i > 1. To finish the proof, 
one observes that we have L(Id x Trs)*0^y^^ = CgXg g- (The isomorphism 
in cohomological degree is the definition of the fiber product; the higher 
vanishing for inverse image follows from a dimension argument.) 

([2]) Again, we only prove the first isomorphism. Consider the exact se- 
quence (jl.l0.2p . and convolve it with Oz^ on the right; we obtain a distin- 
guished triangle in P|^j.opCoh'^^^'"(g x g): 

OzA-p,p-'^)*Oz^ ^ Ogxj^g^Oz. ^ Oa0*Oz. A. 
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By dll)) the middle term is isomorphic to Cjxj g) ^^^^ the term on the right 
hand side is isomorphic to Oz^- Moreover, the morphism on the right iden- 
tifies with the restriction of functions Ogx- g ^Zs- Hence this triangle 
can be identified with the one associated to the exact sequence (jl.lO.ip . In 
particular we obtain the expected isomorphism. □ 

Remark 1.10.4. We have remarked above that Zg is a smooth variety. 
Statement ([21) implies that its canonical sheaf is Oz^i—p, p — ct) (see |Huy| ). 

To prove Theorem 11.6.11 for g, we have to check that the kernels Oz^ {s € 
y) and 0/^q{x) {x € X) satisfy the relations of the presentation of Bag given 
in §1.11 in the monoidal category T>^Coh.^^'^'^{Q x g), up to isomorphism. 
It is explained in [RT| §1.6] that relations (ii) and (iii) are trivial, and that 
relations (iv) follow easily from Proposition II. 10. 31 12]). In the rest of this 
section we give a proof of relations (i) (finite braid relations), inspired by 
the methods of |B1| . It is explained in |RH §4] how to deduce the theorem 
for Af from the case of g. Note in particular that if s = (a € E), the 
inverse of Oz'^{^) for the convolution product is Oz'^{—p,p — ot){l). The 
compatibility of the actions with the functor Ri^^ easily follows from the 
definition and the projection formula. The compatibility with Li* follows 
by adjunction. 

1.11. Line bundles on g. Let us begin with some generalities on line bun- 
dles on g. First, the following lemma immediately follows from [Jl, 11.8.5(1)]. 

Lemma 1.11.1. Let A € X, such that X — p is dominant. Then Og(A) is an 
ample line bundle on q. □ 

Next, let X+ C X be the set of dominant weights. Consider the X-graded 
G X Gm-equivariant algebra 

r(0) := r(g, 05(A)). 

AGX+ 

There is a natural functor 

r QCoh^>^«-(g) ^ Mod^><^-(r(g)), 
'l M ^ eAex+ r(g,^®o,Og(A)) ' 

where Mod^^''^'^(r(g)) is the category of X-graded G x Gm-equivariant mod- 
ules over r(g). We let Tor^''®'"(r(g)) C Modf '"^'"(r(g)) be the subcate- 
gory of objects which are direct limits of objects M such that there exists 
/i € X such that the A-component of M is zero for any A G ^ + X"*". As the 
morphism g ^ g* is projective and using Lemma ll.ll.il we have the follow- 
ing version of Serre's theorem. (To prove this result, one can e.g. adapt the 
arguments of the proof of \AV\ Theorem 1.3].) 

Proposition 1.11.2. The composition 
QCoh^^^-(g) ^ Mod^^^-(r(g)) ^ Mod^^^-(r(g))/Torf ^^'"(r(g)) 
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is an equivalence of abelian categories. □ 

If A is any subset of X, we denote by T>a the smallest strictly full triangu- 
lated subcategory of I?''Coh*^^*^"'(g) containing the Hne bundles C'g(A) for 
X £ A and stable under the functors (j) for j G Z. We denote by conv(A) 
the intersection of X with the convex hull oi W ■ X, and by conv^(A) the 
complement of • A in conv (A). 

In the next lemma we will also use the following notation. If is a 
triangulated category, and C ^ is a full triangulated subcategory, for 
M,N G =^ we write M = N mod ^/ if the images of M and in the 
quotient category ^/s^ (in the sense of Verdier) are isomorphic. 



Lemma 1.11.3. Let a € and s = s 

3 



1) For any A G X, the functors F~^% F~^'^ preserve the sub- 



category V^onviX) ■ 

(2) Let A G X such that (A, a^) = 0. Then we have 

F-'^mX)) = 05(A), F^'^^--^-\0~^{X)) - Og(A)(-2). 

(3) Let A G X such that (A, a^) < 0. Then 

F~'^{0~,{X)) = 0~^{sX){-2) modP,„,,o(,). 

(4) Let A G X such that (A, a^) > 0. Then 

(05(A)) = 0~^{sX) modP,„„,o(;,). 

Proof. Recall the notation for P^, ■= G/Ps, Qs (see ^l.lOp . The variety Qs 
is endowed with a natural G x Gm-action, such that the morphism vr^ : g — > 
05 is G X Gm-equivariant. Using exact sequences (jl.lO.ip and (jl.l0.2p and 
[Rll Proposition 5.2.2], for any J" in D''Coh*^^'^'"(0) there exist distinguished 
triangles 

(1.11.4) ^(-2) ^ Li^sT o R{ns).F ^ F^'^iF) A; 

(1.11.5) pOzA-P,P-^)^jr^ ^ L{^sT o R{^s)*J^ ^ J- A. 

Let j : Q ^ Qs y^-p^ B he the natural inclusion. There exists an exact 
sequence 

(1.11.6) Og^x^^s(-«)(-2) 05.x^,e - j*0~r 

(Indeed, (g/n)* C (g/pf )* is defined by one equation, of weight (—a, —2) 
for B X Gm.) Let also p : Qs Xp^ — > g^ be the projection. Then vf^ = po j. 

Using triangles (ll.ll.4p and (ll.ll.5p . to prove ([T]) it is sufficient to prove 
that for any A G X, L{tts)* o R(TTs)*Og{X) is in I'conv(A)- The case (A, a^) = 
is trivial: in this case we have L{tTs)* o R{tts)*0-^Ix) = 0^{X) C'j(A)(2) by 
the projection formula. Here we have used the well-known isomorphism 

R{^s).0~^ = 0~^^(B0~^^{-2). 

The property ([2]) also follows, using triangles ()1.11.4p and ()1.11.5p . 
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Now, assume that (A,a^) > 0. Tensoring (ll.ll.6p by Oj^xp^b('^) 
obtain an exact sequence 

Then, applying the functor Rp^ and using [Jll §1.5.19, Proposition II.5.2.(c)] 
we obtain a distinguished triangle 

£5^(Indt(A-a))(-2) ^ £g^(Indf(A)) ^ R{^s).0~^{X) A. 

(Observe that here (A — a, a^) > —1.) Applying the functor L{tTs)* we 
obtain a triangle 

/:5(Indf (A-a))(-2) ^ £g(Ind£»(A)) ^ o i2(^,),0~(A) A. 

Now it is well known (see again [Jl, Proposition II.5.2.(c)]) that the Ps- 
module Ind^°(A) has weights A, A — a, • • • , sA. Hence £g(Ind^'' (A)) has 
a filtration with subquotients Og(A), C'g(A — a), C'g(sA). Similarly, 
£g(Ind^'' (A— a)) has a filtration with subquotients Og(A— a), • • • , Og{s\+a). 
This proves ([1]) in this case, and also (jH). 

Now assume (A,a^) < 0. Using similar arguments, there exists a distin- 
guished triangle 

L(i,)*oi?(i,),Og(A) ^ £g(i?ilnd£»(A-a))(-2) ^ £g(i?ilndf (A)). 

Moreover, £g(i?^Ind^'' (A)) has a filtration with subquotients Og(sA — a), 
• • • , 0-^{\ + a), and i2j(i?^Ind^''(A — a)) has a filtration with subquotients 
C'g(sA), • • • , C'j(A). As above, this proves ([T|) in this case, and □ 

Remark 1.11.7. (1) The case ([2]) of the proposition is not needed for 
our arguments. We only include it for completeness. 

(2) It follows from the proof of the proposition that if (A,a^) = 1, 
then the isomorphism of @ can be lifted to an isomorphism in 
pfeQQj^GxGn,(^~^_ Similarly, if (A,a^) = -1, the isomorphism of ^ 
can be lifted to an isomorphism in D''Coh*^^'^'^(0). 

(3) If (A, a^) ^ {—1, 0, 1}, we do not have an explicit description of the 

objects F~^^=(Og(A)) or F~^^^~'''''~°'\o^{\)) as in ^. The proof of 
the proposition gives a recipe for computing their class in equivariant 
X-theory, however. The answer can be given in terms of Demazure- 
Lusztig operators as in \CG\ Theorem 7.2.16]. (See §2.131 below for 
more details in this direction.) 

The following lemma is a generalization of [Bit Lemma 5] (where it is 
assumed that p = 0). The proof is similar. 

Lemma 1.11.8. Let X,^gX. 

We have Ext^^^^j^G^~^(C'g(A), Oj(/x)) = unless A — /i G Z>qR~^ . 

Similarly, for any i £ Z we have Ext^^^^^GxGm(^-^'j{C>g{X),0^{fi){i)) = 

unless A — /i G Z>qR~^ . 
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Proof. We give a proof only in the first case. Recall that 'D^Coh'^ (q) is equiv- 
alent to the full subcategory of X'''QCoh'^(g) whose objects have coherent 
cohomology (see [ABl Corollary 2.11]). Hence we can replace I'''Coh*^(g) by 
P''QCoh*^(g) in the statement. Moreover, for any i € Z there is a natural 
isomorphism 

(1.11.9) Ext^,Q^^;^G(5)(O0(A),e)g(M)) = F*(i?(r^)(Og(M - A))), 

where denotes the functor which sends a G-equivariant quasi-coherent 
sheaf T to the G-invariants in its global sections, and R(T'^) is its derived 
functor. 

Recall also that, by definition, we have q = G (g/n)*. Hence the 
restriction functor T i-^ •^|{i}x{0/n)* induces an equivalence of categories 

QCoh^(g) ^QCoh^((0/n)*) 

(see e.g. |Brl §2]). Moreover, the following diagram commutes, where is 
defined as above: 

QCoh^(0) 



QCoh^((g/n)*) — ^ Vect 




It follows, using isomorphism (ll.ll.9p . that for any z € Z we have 
(1.11.10) 

E^Woh«®(^s(^)'^5(/^)) = ^'(^(r'')(C?(9/n)* ^kkB(/^- A))). 

The functor is the composition of the functor 

r((g/n)*,-) : QCoh^((g/n)*) ^ Mod^(S(g/n)), 

which is an equivalence of categories because (g/n)* is affine, and the 5-fixed 
points functor : Mod'^(S(g/n)) Vect(Ik). (Here, S(g/n) is the symmet- 
ric algebra of the vector space g/n.) Hence, using isomorphism (jl.ll.lOp we 
deduce that for any i G Z we have 

(1.11.11) Ext^,Q^^j^O(~)(Og(A),Og(/.)) - /7*(i?(/^)(S(g/n)®kkB(M-A))). 

Now is the composition of the forgetful functor For : Mod^(S(g/n)) — ?> 
Rep{B) and the 5-fixed points functor : Rep(S) Vect(k). Of course 
the functor For is exact, and in the category Mod'^(S(g/n)) there are enough 
objects of the form lndf^y{M) ^ M ^^HB], for M a S(g/n)-module, whose 

images under For are acyclic for the functor J^. Hence for any i € Z we 
have 



(1.11.12) Ext^,Qc^,G(g)(0g(A),05(/.)) = //^(i?(J^)(S(g/n)^kkB(M-A))), 
where for simplicity we have omitted the functor For. 
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Finally, as B = T \x U, the functor is the composition of the U- 
fixed points functor J^, followed by the T-fixed points functor (which is 
exact). Hence RJ^ = o RJ^ ^ and we only have to prove that 

(1.11.13) J^(i?(J^)(S(g/n) 0k kB(i^))) = 

unless is a sum of negative roots. But -R(J^)(S(g/n)(g)ikkB(i^)) can be com- 
puted by the Hochschild complex C{U, S(3/n) (g)kkB(z^)) (see [Jl', 1.4.16]). 
And the T-weights of this complex are all in 'L>qR'^ (because all weights of 
S(s/n) and of k[C/] are in Z>oR+). Then p. 117130 easily follows. □ 

1.12. Braid relations. 

Proposition 1.12.1. Let a,/3 G and s = Sa, t = sp. For any dominant 
weight A we have an isomorphism 

pOz,{-P,P~a) ^ pOz,{-p,p-P) ^ _ _ _ (C)g(A)) 

^ ^Oz,(-P,P-/3) ^ pOz^{-p,p-o.) ^ , , , ^^^^^^^ ^ 
in P^Coh'^^^'"(0), where the number of functors appearing on each side is 

Proof. To fix notation, let us assume that a and /3 generate a sub-system of 
type A2. (The proof is similar in the other cases.) By Prop osit ion 11.1 0T3l |2|) 
we have an isomorphism of functors 

and similarly for /3. Hence proving the proposition is equivalent to proving 
that 

(1.12.2) Ex := fP^^ o F^^' o fP^' o fOz,{.~p,p-P) 

is isomorphic to C'g(A)(— 6). First, it follows from Lemma ll.l 1.31 that Ex G 
^conv(A) and that 

(1.12.3) Ex = Og(A)(-6) modPeonvO{A). 

Hence Ex is even in X'convO{A)u{A}. 

For any full subcategory =2/ of a category we denote by {s^-^)p-g the full 
subcategory of ^ with objects the M such that Hom.^(A, M) = for any A 
in By LemmalLlLSl ©^(A) is in (^i„^o(A))i',„„,0(;,)u{A}- Hence, as all the 
functors involved preserve the subcategory {T^'^onw^{\)^T^con^(\) (because their 
inverse preserves I'convO(A) by Lemma [LTL3]) , also Ex is in the subcategory 
(V^ Q,\\)v n r , . Now it follows easily from IBK[ Propositions 1.5 and 

COnv"(A)''^convO{A)U{A} ' ' ^ 

1.6] that the projection 

P^onvO(A))»convO{A)u{A} ^ ^coiivO (A)U{ A} /^^convO (A) 
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is an equivalence of categories. Using again ()1.12.3p . we deduce that Ex = 
C?g(A)(-6) in P^Coh^^^-Cg), as claimed. □ 

Before the next corollary we introduce some notation. If A is a dominant 
weight, we write that a property is true for A 2> if there exists a positive 
integer N such that the property is true for any weight A such that (A, a^) > 
N for any positive root a. 

Corollary 1.12.4. The kernels Oz^, s G ^ , satisfy the finite braid relations 
in the monoidal category P^'CohpropCflxg). More precisely, for s,t £ ^ there 
exists a canonical isomorphism 

in D''Coh'^^^"'(0 X g), where the number of terms on each side is Ug^t- 

Proof. To fix notation, let us assume that s and t generate a subgroup of W 
of type A2. (The other cases are similar.) The kernel Oz^ is invertible (see 
Proposition II . lOTSi p]) ) . with inverse 

{OzX' := fl?^omog,5(Oz.,O5x5)®O5x5PH[dim(0)]. 
The same is true for t instead of s. Hence we only have to prove that 

Oz,*Oz,*Oz,*{Oz,)-'*{OzJ-'*{Ozr' = Oa5- 

For simplicity, let us denote by ICs.t the object on the left hand side of this 
equation. 

First, let j : flrcg x flrcg ^ x g be the inclusion. We claim that there 
exists a canonical isomorphism 

(1-12.5) j*ICs,t = OAi.eg- 

Indeed, the functor j* is monoidal. And there exist isomorphism 

f{OzJ-' = Rnomo,^^^^,^JOzi^^,0~,^^^^~,^J ®05..,x5.e, PK.cJdim(0)], 

where as above Zl'^^ = ZgCi {Qrcg X 0rcg)' For simplicity, we denote the right 
hand side of the second line by (O^rcg)^^. The same formulas also hold for 
t instead of s. Now there exists a canonical isomorphism 

Z/s Z/^ Zj^ Z/s Zj^ ' 

because each side is canonically isomorphism to functions on the graph of 
the action of sts = tst. (Here we use Proposition ll.9.2l ) By usual adjunction 
properties for Fourier-Mukai kernels, this isomorphism induces a canonical 
morphism 

which also is an isomorphism. 

To prove the isomorphism of the corollary it is sufficient, using Lemma 
II. 11. H and Proposition 11.1 IT2I to prove that for A, // ^ we have i2^°r(0 X 
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Q, /Cs^t(A,^)) = (this implies that lCs,t is concentrated in degree 0, i.e. is 
a sheaf), and that there exist canonical isomorphisms 

T{QXQ,ICs,ti\fj.)) = r(0 xg, 0^~(A,;u)), 

compatible with the natural action of r(g x g). 

The object ICs^t is the kernel associated with the functor 

F, t ■■= F~^^ o F~'' o F~'^ o (F~'')-' o (F-'^-^ o (F-'^TK 
Alt g g g ^g^ ^g^ ^g^ 

We have seen in Proposition 11.12.11 that Fs^t fixes any line bundle Cg(A) 
with A G X"*". Moreover, for any A, ;U we have, by the projection formula, 
i?r(g, Ff^'\0~g{X)) Og(/^)) = ^r(g x g, JCs,t{X, l^))- It follows, using 

[H2l Theorem III.5.2], that for A,/i > we have i?^°(g x g, }Cs,t{X,n)) = 
and, moreover, there is an isomorphism 

r(gxg, /C,,t(A,/x)) ^ r(g, 05(A + /i)) ^ r(g x g, ©^^(A, /i)). 

It remains to show that these isomorphisms can be chosen in a canonical 
way, and are compatible with the action of r(g x g). We claim that the 
restriction morphisms induced by j*: 

r(g X g, JCs^tiX, fJ.)) r(grcg x g^g, j*ICs,t{X, n)), 
r(g xg, 0^g{X,fx)) r(grcg xgrcg, 0^g^^^{X, fx)) 

are isomorphisms. Indeed, the first morphism coincides (via the projection 
formula) with the restriction morphism 



r(0, Ff-\o~,{X)) 0a, o~,{^^)) ^ r(0reg, fI^^-\o~,^jx)) ^og,,^ o~,^J^,)) 



induced by the inverse image under the inclusion g^eg ^ g. As the sheaf 
F~'''^{0-^{X)) C?g(/") is a line bundle, and the complement of greg in g 
has codimension at least 2 (see Proposition I1.9.3P , the latter morphism is 
an isomorphism. The arguments for the second morphism are similar. 
It follows that there exists a unique isomorphism 

r(gxg, /C,,t(A,/i)) ^ r(gxg, 0^5(A,;u)) 

which is compatible with our canonical isomorphism (|1.12.5p . With this 
choice, the compatibility with the action of the algebra 

r(0Xg) ^ r(greg X greg, 05^^gxg,eg(^>/^)) 

is clear. □ 



This corollary finishes the proof of Theorem 11.6.11 
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2. Description of the kernels 

2.1. Statement. Let R = where h is the Coxeter number of Gi. For 

any w G VF, we define 

Zw,R 

as the closure in g/j x of the inverse image under the morphism qr x g*^ 
Qr ^ 5r xrQr Br Xr Br of the Gij-orbit of {Br/Br,w-^Br/Br) G 
Br Xr Br (for the diagonal action). It is a reduced closed subscheme of 
Qr Xg^ 0/j. 
We also set 

Z'w,R '■= Zu),Rn {Mr XrQr). 

(Note that here we take the scheme-theoretic intersection.) It is easy to see 
that Z'^ is in fact a closed subscheme of Mr XrMr. (See Lemma [2.12.11 
below in the case of a field.) 

The main result of this section is the following. 

Theorem 2.1.1. Let R = Z[^]. 

Let w E W, and let w = si ■ ■ ■ Sn be a reduced expression (where Si G y). 
There exists an isomorphism in P''Coh'~'^^^^'^"'-'^(gR XRgR), respectively 
in p''Coh^«^«(^-)«(A/R XrMr): 

Oz.^^R Oz.^^R = Oz^^R, 

respectively Oyj * ■ ■ ■ -k Oyi — Oyi 

Let again w €^ W, and let w — si • ■ ■ S'fi be a reduced expression (where 
Si G y). Then by definition T^j = Tg^ ■ ■ ■ Tg^. Theorem 12.1.11 allows to give 
an explicit description of the action of Tyj on D''Coh(gii;) or V^Coh.{MR) 
constructed in Theorem ll.3.1[ Namely, there exist isomorphisms of functors 
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As for Theorem ll.3.1l the proof of Theorem l2.1.1l is based on the reduction 
to the case of an algebraically closed field of positive characteristic, which 
will be treated using Representation Theory. We first treat this case. The 
proof of Theorem 12.1.11 for qr is given in ^2.111 The case of Mr is treated 
in g2l2l 

2.2. Kernels for the finite braid group: case of a field. From now on 
and until ^2.1H we fix an algebraically closed field of characteristic p > h. 
We use the same notation as in Section [H and we drop the index "k" for 
simplicity. 

For w £ W, we denote by X° C B x B the G-orbit of {B/B,wB/B) 
for the diagonal action (a Schubert cell), and by X^, its closure (a Schubert 
variety). We denote by 
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the closure of the inverse image of jC „i under the morphism Xg* g ^ 
Q X Q ^ B X B. This is a reduced closed subscheme of g Xg* g. Note that 
it is not clear at this point that is isomorphic to Z«,,i? Xspec(i?) Spec(Ik) 
(because the latter scheme is a priori not reduced). This will follow from our 
results (see Remark 1 2 . 1 1 . 1 1 b elow) . The fiber of Z^ over (B / B,w~^ B / B) is 

{g/{n + w-'-n)y. 

In particular, by G-equivariance the restriction of Z^, to the inverse image 
of X" _i is a vector bundle over X i, of rank dim(b) — £{w). 
For w G W, we define 

*^ 0rcg X 0rcg 

to be the graph of the action of w provided by Proposition 11.9.21 Then one 
easily checks that Z^^ = Z^ n (greg x greg) and that Z^ is the closure of 

■ 

We also set 

z; := Z^niMxQ). 

It is easy to check that Z'^ is in fact a closed subscheme oi Af x Af (see 
Lemma 12.12.11 below) . 

The version over k of Theorem 12.1.11 is the following. 

Theorem 2.2.1. Assume p > h. 

Let w € W , and let w = si ■ ■ ■ Sn be a reduced expression (si ^ S^). There 
is an isomorphism in D''Coh'^^'^'"(g x g), respectively in V^'Coh^^'^'^ (Af x 
Af): 

respectively Oz>^^ -k ■ ■ ■ -k Oz>^ — ^z'^ ■ 

Moreover, Z^, respectively Z^, is Cohen-Macaulay with dualizing sheaf 

Ozs„ {-P, p-an)*---* Oz,^ {-p, p-ai), 
respectively Oz'^^ (-/>, /) - a„) * • • • * Oz'^^ (-p, p-ai), 

where Si = Sq,. (ai € SJ. In particular, these objects are also concentrated 
in degree 0, i.e. are coherent sheaves. 

Remark 2.2.2. (1) Probably, the restriction on the characteristic is not 
necessary. For instance, it follows from |R1| that the theorem is true 
for all p if If is an element of a parabolic subgroup of W of type 
Ai X Ai or A2, and for p 7^ 2 if t/; is an element of a parabolic 
subgroup of W of type B2. To obtain a weaker restriction on p 
in the general case, it would certainly be necessary to understand 
better the geometric properties of the varieties Zy^. For instance, it 
is proved in [Rlj that Zy^ is normal if p and w are as above. We 
don't know if this property is true in general. 
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The case p = is excluded from Theorem 12.2.11 However, it follows 
from Theorem 12.1.11 that Theorem 12.2.11 is also true in this case (by 
compatibility of convolution with change of scalars). One can also 
prove Theorem 12 . 2.11 for k of characteristic zero directly, using Saito's 
theory of mixed Hodge modules. This will be the subject of a future 
publication. 

As in the proof of Corollary ll.12.41 once we have proved the theorem, 
one can check using restriction to flreg that the isomorphisms 

Oz -k----kOz = Oz , Oz' -k----kOz' = Oz' 

can be chosen in a canonical way. 

It follows from the theorem that for any v,w &W such that i{v'w) = 
£{v) +i{w), there exists an isomorphism 

Cz„ * Oz^ = Oz^^ ■ 

And, again by the same arguments as in the proof of Corollarv ll.l2.4l 
this isomorphism can be chosen canonically. With this choice, one 
easily checks that the condition of [Del Theorem 1.5] holds. Hence 
the restriction of our action to the Artin braid group B can be "lifted" 
to an action in the strong sense of [De]. We don't know if this 
property holds for the whole of Baff- 

We first concentrate on the case of g. The proof of Theorem 12 . 2 . 1 1 in this 
case is given in §2.101 The case of Af is treated in §2.121 

Let again w £ W, and let w = si ■■■ Sn he a reduced expression (sj S =5^). 
For i = 1, • • • , n, let aj G S be the simple root attached to the simple 
reflection Sj. Then we define 

■= Oz,„{-p,p-an)*----kOz,^{-p,p-ai), 

considered as objects in D^Coh(3 x g). By Corollary [T]T2]11 these objects 
do not depend on the choice of the reduced expression (up to isomorphism) . 
We will sometimes use the fact that ICw has a canonical lift to an object of 
P''Coh'^'''^'-(g X g). (This is also the case for )Cw, but we will not use it.) 
By definition we have isomorphisms of functors Jt„ = and Jj,-i = 

F~ ™. Moreover, we have 

(2.2.3) ICl ^ i?7^omo^,(/C^,(!7g2)[dim(g)] 

(see |Huy[ Proposition 5.9] for details). Let 5 he the automorphism of g x g 
which exchanges the two factors. Then we have 

(2.2.4) 5*/C^^/C^-i, 5*ICl^lCl.,. 

The proof of Theorem l2.2.1l is based on Representation Theory, and more 
precisely on localization theory for Lie algebras in positive characteristic, as 
studied in |BMR[ IBMR2[ IBM] . Hence sometimes we will rather consider 
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Kyj and kX, as sheaves on g^-*^^ x where denotes the Frobenius twist, 
i.e. we will twist the structures as sheaves of k- vector spaces. For simplicity 
we do not indicate this in the notation. 

2.3. More notation. Recall that if X is a scheme, and Y <Z X & closed 
subscheme, one says that an Ox-module J" is supported on Y if J^\x-Y = 0. 
We write Cohy(X) for the full subcategory of Coh(X) whose objects are 
supported on Y. 

We denote by i) the universal Cartan subalgebra of q. It is isomorphic to 
bo/ [bo, bo] for any Lie algebra bo of a Borel subgroup of G. In particular, t) 
identifies naturally with t via the morphism t — > b/n = i). 

For s = Sa {a & S), we denote by s[(2,s) the subalgebra of g generated 
by ha, Ca and e_Q. It is isomorphic to s[(2,Ik). 

The extended affine Weyl group Waff naturally acts on X. We will also 
consider the "twisted" action defined by 

w • X := w{\ + p) — p 

for w € Waff, A € X, where p is the half sum of the positive roots. 

Recall that an element x € 0* is said to be nilpotent if it is conjugate to 
an element of (g/b)*. 

Let 3 be the center of Uq, the enveloping algebra of g. The subalgebra 
of G-invariants 3hc '■= (^b)*^ is central in Uq. This is the "Harish-Chandra 
part" of the center, isomorphic to S{i)^^'*\ the algebra of W-invariants in 
the symmetric algebra of t, for the dot-action. The center 3 also has an 
other part, the "Frobenius part" 3Fri which is generated as an algebra by 
the elements — X^^ for X G g. It is isomorphic to S'(g*^^''), the functions 
on the Frobenius twist g*^^^ of g*. Under our assumption p > h, there is an 
isomorphism (see [KW] or [MR] ): 

3hc "XiSFrnSHc Spr ^ 3- 

Hence a character of 3 is given by a "compatible pair" {i',x) G t* x g*^^^- 
In this paper we only consider the case where x is nilpotent, and v is in- 
tegral, i.e. in the image of the natural map X ^ t*. (Such a pair is always 
"compatible.") If A G X, we still denote by A its image in t*. If A G X, 
we denote by Mod^| ^-^(ZYg) the category of finitely generated Z^g-modules 
on which 3 acts with generalized character (A, x)- Similarly, we denote by 
Mod^(i^g) the category of finitely generated Z//g-modules on which 3hc acts 
with generalized character A. 

The translation functors for Z//g-modules are defined in [BMR^ §6.1]. More 
precisely, for A, G X and x ^ Q*^^\ the functor 

: Mod;|_^)(Z^g) ^ Modf^^^^ (Z^g) 

sends the module M to 



pr^(M ^^V{p-X)), 
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where V{fj, — A) is the standard (induced) G-module with extremal weight 
/i — A (i.e. with highest weight the dominant 1^-conjugate of — A), and 
pr^ is the functor which sends a locally finite 3HC-™odule to its generalized 
eigenspace associated with fi. 

We will also consider the baby Verma modules, as defined e.g. in |BMRt 
§3.1.4]. Namely, let bo be the Lie algebra of a Borel subgroup of G. Let 
X G 0**-^'' be such that XiuW — 0; let A G X. Then the associated baby 
Verma module Mt,g^^-\ is by definition the Wg-module 

Here (^fl)^ '■= (^5)'S^3FrH^x' (^^o)x subalgebra generated by the image 

of bo, and A defines a character of (Ubo)^ via the morphism 

bo^bo/[bo,bo]^f)^tAk. 

Finally, we will need the functors Tens^ of |BMR21 §2.1.3]. Consider 
the sheaf of algebras T> on B defined as follows (see |BMR|, §3.1.3]). Let 
p : G/U — )• G/B be the natural quotient; it is a torsor for the abelian group 
B/U (acting via multiplication on the right). Then 

where T^q/jj is the sheaf of crystalline differential operators on G/U (see 
[BMR^ §1.2]). The sheaf of algebras V can be naturally considered as a 
sheaf of algebras on the scheme g^^^ X|,*(i) f)*, where the morphism — )• f)* 
sends iX,gB) to X^g.^ G {g-b/[g-b, g-b])* ^ f}*, and the morphism f)* ^ i)*'-^^ 
is the Artin-Schreier map defined by the algebra morphism 

S({){i)) ^ S(f)) 
X G ^ XP- ■ 

Moreover, it is an Azumaya algebra on this scheme. 

For X £ we denote by the inverse image of x under the nat- 

ural morphism q^^^ — ?> Q*^^\ endowed with the reduced subscheme struc- 
ture. We denote by Mod'^iV) the category of quasi-coherent, locally finitely 
generated P- modules (equivalently, either on B or on g^^^ X(,*(i) f)*)- For 

€ X (considered as a linear form on t = f}) and x ^ 9*^^^ we denote 
by Mod^(P), respectively Mod(^^^)(P), the full subcategory of Mod'=(P) 

whose objects are supported on Af^^^ x {i/} c g^^^ Xi,*(i) ^* , respectively on 

B^^ X {u} C g^^^ [)*. Then for A,/x G X we consider the equivalence of 

categories 

Tensr I ^°^Kx)(^) ^ Mod^.,x)(^) 
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2.4. Reminder on localization in positive characteristic. Recall that 
a weight A G X is called regular if, for any root a, (A + p, a^) ^ pZ, i.e. if A 
is not on any reflection hyperplane of (for the dot-action). Under our 
assumption p > /i, G X is regular; in particular, regular weights exist. By 
jBMRl Theorem 5.3.1] we have: 

Theorem 2.4.1. Let A G X 6e regular, and let x G Q*^^^ be nilpotent. There 
exists an equivalence 

V'Coh^,^,,(gW) - P^Mod[|^^)(Z^g) 
of triangulated categories. □ 

Let us recall briefly how this equivalence can be constructed. We use the 
notation of |BMRj . Consider the sheaf of algebras T> (see ^2.3p . If A G X is 
regular, the global sections functor RTx : V^Modl{V) V^Mod^^ (Uq) is an 
equivalence of categories. Its inverse is the localization functor C^. These 
functors restrict to equivalences between the categories P^Mod^^ {V) and 

P^Mod;|^^)(Z^g). 

Next, the Azumaya algebra V splits on the formal neighborhood of x 
{A} in g(^) Xf,*(i) f)*- Hence, the choice of a splitting bundle on this formal 
neighborhood yields an equivalence of categories Coh (i) (g^^-* Xh*(i)fl*) — 
Mod^^^)(i'). Finally, the projection 'g(^) Xf,.(i) f)* Q^^^ induces an iso- 
morphism between the formal neighborhood of x {A} and the formal 
neighborhood of B^^ (see |BMR2l §1.5.3.c]). This isomorphism induces an 
equivalence Coh (i) r,i(0^"^^ f)*) = Coh (i)(0(^)), which finally gives 

the equivalence of Theorem 12.4.11 

We choose the normalization of the splitting bundles as in |BMR2t §1.3.5]. 

We denote by Mi^x,x) splitting bundle associated to A, and by 

7(A,^) : P^Coh^a)(0(')) ^ 2^''Mod;s_^)(^0) 
the associated equivalence. 

2.5. Reminder and corrections of |BMR2j and [Rl] . First, let us re- 
call the representation-theoretic interpretation of the braid group action in 
positive characteristic. 

Let us fix a character A G X in the fundamental alcove (i.e. such that for 
all a G we have < (A + p,a^) < p), and some x ^ 0*^^^ nilpotent. 
There is a natural right action of the group PVaff on the set IVaff • defined 
by 

{w • \) * V := wv • A 

for v,w & VFaff- 
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For a € Saff, let /Xq, € X be a weight on the a-wah of the fundamental 
alcove, and on no other wall. Then, for s = Sq, we define the functor 

It. := Cone(ld ^ T^^ o T^") : P^Modg_^)(W0) ^ V'Modf^^^^{UQ). 

(Here the morphism of functors is induced by adjunction.) This functor is 
well definedQ and does not depend on the choice of ^a-, see [BMR21 Corollary 
2.2.7]. Also, for w E il, we put 

(Observe that A and u • \ have the same image in t*/(T4^, •).) 

Let w € M^aff) and fi S Waff • ^- Write w = si - • • SnUJ, where Si € ^aff; 
w G ri, and i{w) = n. Recall ([BMR2, §2.1.3]) that one says that w increases 
fj. if for each i = 1, • • • , n, ^ * (si • • • Sj_i) < fi * {si ■ ■ ■ Si) for the standard 
order on X. 

The following theorem is a corrected version of |BMR21 Theorem 2.1.4]. 
The same proof applies. 

Theorem 2.5.1. (1) The assignment Tg It. (s G ^affj; It^^ 
extends to a right action of the group Bafr on P''Mod|^ ^^(Wg). 
(2) For b G Baff , we denote by 

the action of b. Then for fi G Waff • A and w G Waff such that w 
increases fi, there is a natural isomorphism of functors 

C^oIt^ = Tens^l*"' o 

Let us recall that property ([2]) implies the following description of the 
action of (lifts of) dominants weights (see |BMR21 Proposition 2.3.3]). 

Corollary 2.5.2. For G X dominant and for T in D^Coh {i)(0(-'^)), there 
is a isomorphism 

Ir.o7(,,^)(7-) - 7{A,x)(-^^O5a)C?0(i)(^^)) 
which is functorial in T . □ 

Now we consider the Bernstein presentation of Bag (see ^l.ip . The re- 
lations in this presentation are symmetric. Hence there is a natural anti- 
automorphism L : Baff — > Baff which is the identity on the generators Tg 
{s G =5^) and 9x (x G X). The following theorem is a corrected version of 
|RH Theorem 5.4.1]. (The same proof as in |R1] works, taking into account 

^Recall that if j^/, SS are abelian categories, F^G : — >■ are exact functors and 
: _F — >■ G is a morphism of functors, the functor 

X ^ Cone(FX GX) 
descends to derived categories. The resulting functors is denoted by Cone(F — >■ G). 
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the corrections to |BMR2j given above.) It provides a link between the geo- 
metric braid group action of Theorem 1 1 . 6 . 1 1 and the representation-theoretic 
braid group action constructed in |BMR2j and recahed in Theorem 12.5.11 

Theorem 2.5.3. For any b € Bag the following diagram: 



T(A,x) 



p^Mod;i^^)(z^fl) — vuodii^^m 

is commutative up to an isomorphism of functors. □ 

Remark 2.5.4. The same formahsm also applies to formal completions. 
For simplicity, here we assume that x = 0- For A G X regular, by [BMRl 
Theorem 5.4.1] there is an equivalence of categories 

7A : P^Coh(^)) ^ P^Mod^s((iYg)^) 

between the derived category V'^Mod^^ {{Uq)'^) of finitely generated modules 
over the completion (Ug)^ ofUg at the central character (A,0) and the de- 
rived category T)^Coh{B^^^) of coherent sheaves on the formal neighborhood 
of the zero section B^^^ in g^^^. There exist a geometric action of Bag 

on D''Coh(S(^)) and a representation-theoretic action on 'D^Mod^^{{UQ)^), 
and a statement similar to Theorem 12.5.31 also holds in this context. 



T(A,x) 



2.6. The kernels are sheaves. From now on and until ^2.91 we fix some 
w gW. 

For A G X regular, recall the splitting bundle A^(a,o) for the Azumaya 
algebra P on the formal neighborhood of x {A} in g^^^ X(,*(i) ^* (see 
§2.4p . Here, for simplicity, we write A4\ for A4(a,o)- We will rather consider 

M-X as a. vector bundle on the formal neig hborhood 0(1) of B'-^^ in g(i), see 
^2.41 Recall that there exists a (GjYi-eQuivariant vector bundle IVI^ on g( 

such that Aix is the restriction of to B^^\ i.e. the completion of Ma for 
the X-adic topology, where I is the sheaf of ideals of the closed subscheme 
,6(1) C g(i) (see [r| §9.4]). 

Recall also that the restriction P^ of the sheaf of algebras T> to the formal 
neighborhood of B^^^ x {A} in g(i) x f)*, identified with B^^\ is isomorphic 
to £ndo Hence (T>^)°pp is isomorphic to £ndo (-^^a), where M\ 

is the vector bundle dual to Mx- Observe finally that Ad"^ is the restriction 
of Ml := Uomo.^^,, (Ma, Oyi)) to m. 

Let pi,P2 '■ Q^^^ X g^^^ Q^^^ be the projections. Then 
(2.6.1) p\{M^) K,i Oo^, Pl{Ml-,,^) 



32 



ROMAN BEZRUKAVNIKOV AND SIMON RICHE 



is naturally a M {T>^ ^*'^)°PP-module. (Here, the tensor products can be 
replaced by derived tensor products without any change.) As a sheaf, it is 
the restriction of 

to the formal neighborhood of the zero section in g^^^ x g(^\ Taking the 
derived global sections of (j2.6.ip . we obtain an object in the derived category 

of (Ug'^, Uq^ ^•'^)-bimodules. Moreover, here we have Ug^ ^*'^ = Uq^. Our 
first observation is the following. 

Lemma 2.6.2. There is an isomorphism in the derived category ofUg^- 
bimodules 

i?r(pl(>[o)^o_,/Ci,^o_,p;(K-i.o)) = (^0)° 

8(1) 8(1) 

Proof. As above, let I be the sheaf of ideals of the closed subscheme B^^^ C 
Q^^\ and let n G Z>o. By the projection formula, and then the definition of 
Fourier— Mukai transform we have 

RT{pl{Mo) ®o Ki ®o Pl{Ml-,jr'Ml-,,^)) 



- OTo (Alo^o^,,) 4if ^ (-^^^.0 A"-^^i.o)) • 

Now by isomorphisms ()2.2.4p and Theorem 12 . 5 . 3 1 the latter object is isomor- 
phic to 

(Observe that i{T~\) = .) The element w increases the weight w^^ "O, 
and (if"^ • 0) * u; = 0. Hence by Theorem 12.5.1 1 !f2]) we have an isomorphism 
of functors 

(2.6.3) d'olr^ - TensO_,.oo/:-^o. 

Taking inverses on both sides, we obtain 

I^-i o RTq ^ i?r^-i.o o Tensjf'''^. 

Moreover, by definition Ob{w-^»Q)®Ob-^o - -^«;-i.o (see [BMR2[ §1.3.5]). 

Hence we obtain finally 

RT{p\{Mq) k>o ^ , JCl ^, P2(■M^l.o A"-^^i.o)) 

8(1) 8(1) 



i?r^-i.o(>'«,-i.o (Ml-^JI'^Ml-^,,)). 
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Then, taking the inverse hmit over n and using |EGA IIIil Theorem 4.1.5] 
appHed to the projective morphisms q^^^ — ^ g*^^^ and (5^^^)^ — ^ {q*^^^)"^ we 
obtain 

RTipliMo) 0o JCl 0o P2(■A^^l.o)) 
The latter object is isomorphic to 

(For the first isomorphism we have used [BMR^ Proposition 3.4.1 and §5.4].) 

One easily checks that all our isomorphisms are compatible with the Uq^- 
bimodule structures. □ 

Corollary 2.6.4. The object JCt, has cohomology only in non-positive de- 
grees. 

Proof. It is sufficient to prove the same property for the object 

Moreover, this object is in the essential image of the forgetful functor 

p''Coh'^'"(g(^) X g(i)) ^ P*Coh(g(i) x g^^)). 

Hence it is sufficient to show that its restriction to the formal neighborhood 
of the zero-section, namely 

8(1) 8(1) 

has the same property. Now this fact follows directly from Lemma 12.6.21 
using the fact that the derived global sections functor RT is an equivalence 
of categories between the derived categories of coherent P° M {V" '•0)opp. 
modules and of coherent (Wg)'^-bimodules, with inverse the localization func- 
tor (see |BMRt Theorem 5.4.1] and Remark 12. 5. 4p . which is right-exact. □ 

Now we consider the kernel K,w We consider the couple (— 2p, 0) as a 
Harish-Chandra character for the Lie algebra g x g. 

Lemma 2.6.5. The object 

RT^_2p,o){{M-2pMM(,) ®5(i)x5(i) Kw) 

is concentrated in degree 0. 

Proof. By the projection formula, and Theorem l2.5.3l (see also Remark l2.5.4p 
we have 

R^{-2pfl){{M-2p ^ Mo) ®g(i)xg(i) ^w) = RTo{Mo %m F^-{M-2p)) 

^ Ir^„, o RToiMo ®g(i) M^2p)- 
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(Here we use i{Tuj) = T^-i.) Now by [BMR21 Lemma 3.0.6 and its proof], 
we have an isomorphism Ai-2p — -Mo - Hence we obtain 

^r(_2p,o)((A^-2p^A^o)®5(i)x5(i)^-) = It„_, oi?r(pO) - It„_i(Z^/). 

The object on the left hand side of these isomorphisms has, by definition, 
only cohomology in non-negative degrees. On the other hand, again by 
definition, the functor Ir^_i stabilizes the subcategory 'D^'-^Mod^^{UQ^). 
(It suffices to prove this statement when i(w) = 1, in which case it is trivial.) 
Hence the object on the right hand side has cohomology only in non positive 
degrees. As these objects are isomorphic, they have to be concentrated in 
degree 0. □ 

A proof similar to that of Corollary 12.6.41 gives the following result. 

Corollary 2.6.6. The object ICu, has only cohomology in non-positive de- 
grees. □ 

We can can finally prove: 

Proposition 2.6.7. The objects K,w and kX, are concentrated in degree 0. 

Proof. Recall the following well-known fact, if X is a smooth k-scheme and 
T a coherent sheaf on X: 

(#) £xt}o^{T,Ox) = for f < codim(Supp(J')), 

where Supp(J^) is the support of F. 

By Corollary 12.6.61 has cohomology only in non-positive degrees. 
Moreover, by definition Supp(/Cu;) = Z^, hence codim(Supp(/C^)) = dim(0). 
Hence, using (7^), it follows that 

RHomo.^^^^ ^ (/C^, ) 

has cohomology only in degrees > dim(g). Using ()2.2.3p we deduce that kXj 
has cohomology only in non-negative degrees. Then, by Corollary [2231 
is concentrated in degree 0. 

The same arguments apply to K,w D 

2.7. Two preliminary lemmas. Now we want to prove that the sheaf /C^ 
is generated by its global sections. For this we need two lemmas: one on the 
representation-theoretic side, and one on the geometric side. 

Let us fix A E X in the fundamental alcove. Its differential induces a 
linear form on f), via the natural isomorphism t — > b/n = \). Recall the 
definition of baby Verma modules, §2.3[ As usual, we let wq ^ W he the 
longest element. We will use only the special case A = 0, x = of the next 
lemma (which we state in full generality for completeness). 

Lemma 2.7.1. Let bo C g 6e the Lie algebra of a Borel subgroup, and x £ 
Q*^'^^ be such that X]^^W = 0- For any nonzero submodule N C Mi,^^^^.^^^(^x) 

we have T^^N ^ 0. 
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Proof. This claim is obviously independent of the choice of bo (because the 
action of G on Borel subgroups is transitive), hence we can assume bo = b. It 
follows from (J2| B.3] that M^i^^.^^f^x) is a submodule of T^p(M(,^^;p). (Beware 
that Jantzen uses positive Borel subalgebras to define baby Verma modules, 
while here b is the negative Borel subalgebra.) Hence there is a nonzero 
morphism — ?> T^p{Mb^y,-p). By adjunction, we have an isomorphism 

Homg(iV,T^p(Mt,,^;p)) - Rom,{T^'{N),M,^^,p). 

Hence the right hand side is nonzero, which implies 7^ 0. □ 

In the next lemma, we consider ICw as a sheaf on g x g . We let p2 : x g ^ g 
be the projection on the second component. 

Lemma 2.7.2. For any w € W we have an isomorphism 
in D*Coh'^^''^'"(g). In particular, 
as {G X G^-equivariant algebras. 

Proof. Let us begin with the first statement. By definition of convolution 
functors, R{p2)*K,w — PJf'^^O-^). By definition again, the functor F-^"" is the 

composition of functors of the form F~ for s E o5^. Hence it is sufficient 

to prove that F~ ^" {0~) = R{p2)*Ozs is isomorphic to Og. However, the 
morphism p2 : Zg ^ Q is proper, birational, and has normal image. Hence 
{P2)*Ozs — Cg by Zariski's Main Theorem. And the vanishing of K^{p2)*Ozs 
for i > can be proved exactly as in [Rl, Proposition 3.4.1]. 

The second statement follows from the obvious isomorphism i2r(g x 
g, — ) = RT{q, — ) o R{p2)*, and the isomorphisms 

if i / 

(see |BMR1 Proof of Proposition 3.4.1] and references therein). □ 

Remark 2.7.3. In other words, the first statement in Lemma 12.7.21 is that 
we have an isomorphism 

JtJOj) = 

for any w € W. See also \BM.\ Lemma 1.3.4(c)]. 

2.8. The sheaf /C^ is globally generated. In the proof of the following 
proposition, we will consider localization functors for both groups G and 
G X G, and always for the case x = 0- For simplicity and to avoid confusion, 
we write 7^ , respectively 7(1^^*^, for 7(^,0), respectively 7((A,o),{/.,o))- In the 
second functor. A, ;U € X, so that the pair (A, fj.) defines a character of the 
maximal torus T x T C G x G. We use similar notation for the functors 7^, 

^i'x'ix) (^^^ Remark [233]) • 



i?T(5,Og)~<| s(0)^g^S(f)) ifi = 
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Proposition 2.8.1. The sheaf IC^] is generated by its global sections. 

Proof. It is enough to prove the following property: (l) For any Borel 
subalgebras bi,b2 of g, and any nonzero morphism of ©-(i) ^~(i) -modules 
/C^ C'{(o,bi),(o,b2)}' the morphism 

obtained by taking global sections is also nonzero. 

Indeed, assume that property (J) is satisfied, and that JCw is not globally 
generated. Let be the cokernel of the natural morphism 

By assumption, 0. The sheaf JCw is Gm-equivariant, hence the same 
is true for J-. It follows that there exist Borel subalgebras bi, b2 of g such 
that the fiber of T at the point ((0, bi), (0, b2)) € g^^-* x g^-*^) is nonzero. By 
Nakayama's lemma (and adjuction), it follows that there exists a nonzero 
morphism T — )• C'{(o,fai),(o,b2)}- Consider the composition 

(2-8.2) ^ ^ C{(o,bi),(o,fa2)}' 

which is also nonzero. By property (J), the morphism obtained by tak- 
ing global sections is nonzero. In other words, there exists a morphism 
0~(i)xg(i) — > K,w whose composition with (j2.8.2l) is nonzero. This is absurd 
since this morphism can be factored through a morphism 

which is zero by definition of J-. 

So, let us now prove (:|:). The idea of the proof is to translate this property 
in representation-theoretic terms; then it easily follows from Lemma 12.7.11 
Consider a nonzero morphism 

(2-8.3) Ku, C'{(o,bi),(o,b2)}- 

Restricting this morphism to the formal neighborhood of the zero section 
of g^i) X g(i\ and applying the equivalence 7(l2^o)' obtain a nonzero 
morphism 

(2.8.4) i?r(_2p,o)((-M-2p^Mo)®5(i)x5(i)^-) ^ 7(l2^o)(^{(o,bi),(o,b2)})- 
By definition (and using the Kiinneth formula), 7(l2^o)(^{(o.''i).(o.''2)}) — 
7%(0{(o,bi)})«'k7o^(C{(o,b2)})- And, by [BMRj Proposition 3.1.4], we have 
isomorphisms 

7-2p(C{(0,bi)}) - ^(bi,0;0)) 7o'(C{(0,b2)}) - ^(b2,0;2p)- 

(Here we consider the baby Verma modules for the Lie algebra g.) 

Let q : g^^^ x q^^^ g*^^) x g^-*^) be the natural morphism, and let qhe the 
induced morphism on the formal neighborhoods of the zero sections. Let 
also T], respectively e, be the inclusion of the formal neighborhood of the 
zero section in g^^) x respectively g*^^) x g^^), so that q o rj = e oq. 
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By Lemma 12.6.51 the object on the left hand side of morphism ()2.8.4p is 
concentrated in degree 0. Then, by Lemma 12.7.11 the morphism obtained 
by applying the functor r^^_2p'o) to this morphism is nonzero. (Observe that 

^(-2;2) = ^(Zi'im = ^(oTof^-) On the other hand, by [BMR2| Lemma 
2.2.5], the morphism obtained by applying T^_2pQ'^ ^ morphism 

There are isomorphisms R{q)^o7]* ICw = e*oRq^lCw (see |EGA Iliij Theorem 
4.1.5]) and -R'7*0{(o,bi),(o,b2)} — ^{0,(0,62)}- follows that the morphism 

(2.8.5) R{P2)*JC^ ^ (^{{b2,0)} 

obtained by applying the functor R{p2)* to (12.8.3P is nonzero. Here, p2 ■ 
the projection on the second factor. 
By Lemma [2.7.21 we have an isomorphism R{p2)*ICw = Cg(i)- Hence 
the morphism obtained by applying i?r(g(^\— ) to the morphism (|2.8.5p 
is nonzero. But, as i?r(g(i) x q^^\-) ^ i?r(0(i),-) o i?(p2)*, the latter 
morphism is obtained by taking global sections of ()2.8.3p . This finishes the 
proof. □ 

Let us remark that, using similar arguments, one can prove the following 
fact (which will not be used in this paper). 

Proposition 2.8.6. Let A G X 6e in the fundamental alcove. Let T he an 
object o/Coh''^'"(g(^)), and let F he its restriction to the formal neighborhood 
of the zero section B^^^ C g'-"'^^. 

Assume that the object 'Jwo^xi^) "is concentrated in degree 0. Then T is 
generated by its global sections. □ 

2.9. Irreducibility of a fibre product. The main result of this subsection 
is Proposition l2.9.41 Before we can prove it, we need several easy preliminary 
results. 

The following fact follows from the explicit description of Zg in [Rl]. We 
denote as above by pi and p2 the projections g^ — ?• g. 

Lemma 2.9.1. Let s G ,y . The fiber of the projection pi : Zg — )• g, re- 
spectively p2 ■ Zg ^ g, over {X, gB) is one point if ^|g.5[(2,s) 7^ 0, and is 
isomorphic to otherwise. □ 

We denote by the closed subvariety of codimension 2 of g defined by 
:={(X,5B)eg|X|^.,((2,.) = 0}. 
Recall that there is a natural morphism 

sending {X,gB) to the restriction X^g.^, considered as a linear form on (g ■ 
b)/{g ■ n) = i). Then for any w &W the image of Z^ under u x u -.g xg ^ 
f)* X {)* is the graph Graph(it;, [)*) of the action of w oni)* . Indeed the inverse 
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image of Graph(ii;, f)*) mider (z^ x v) contains Z^^, hence also Z^; it follows 
that {v X v){Zu]) ^ Graph(7i;, f}*); we conclude using the fact the morphism 
pi : Zw — )• g is proper and birational, hence surjective. 

Lemma 2.9.2. Let w € W , and let v such that v < w. Let V be the 

fiber of Zyj over {B / B ,v~^B / B) ^ B x B (a closed subvariety of {g/n)*). 
Then v(y x {B/B}) is included in the space of fixed points of v~^w on f)*. 

Proof Let X eV. By definition, u{X,v'^B/B) = v ■ u{X,B/B). On the 
other hand, as {X, B /B,v~^ B / B) G Z^, by the remarks above we have 
u{X,v-^B/B) = w ■ u{X,B/B). We deduce that v ■ v{X,B/B) = w ■ 
v{X,B / B), which gives the result. □ 

Recall the remarks of §2.21 We set d := dim(g). 

Corollary 2.9.3. Let w and s € such that ws > w. Then 

dim((Fs X 0)nZ^) < (i-2. 

Proof. For simplicity, let us denote the variety {Fs x g) n by Y^. (We will 
use this notation only in this proof.) First, is included strictly in Z^, 
hence has dimension lower than Assume that it has dimension By 
G-equivariance, and as G has only finitely many orbits oxi.BxB, there exists 
u < w such that the restriction (l^ji^^o has dimension d — \. Moreover, 

u ^ w as the restriction of 1^ to X^-i has dimension dim(0) — 2. (This 
follows from our assumption ws > w or, equivalently, w{a) > for s = 
a G E.) By G-equivariance again, the fiber of 1^ over {B/B,u~^B/B) has 
dimension d — 1 — dim(X^_i) = d — 1 — £{u) — dim(i3). On the other hand, 
this fiber is included in the fiber of (g Xg* g) n {Fg x g) over {B/B, u^^B/B), 
which is itself included in 

F := {X € g* I = and X{hs) = 0}. 

The subspace V has dimension d — 1 — i{u) — dim(0). Hence the fiber 
of Y^ over {B/B,u^^B/B) equals V. In particular, the fiber of Z^ over 
{B/B,u-^B/B) contains V. 

Now we derive a contradiction. By definition we have i'{V x {B/B}) = 
{X G (b/n)* I X{hs) = 0}, i.e. u{V x {B/B}) C f)* is the reflection hyper- 
plane of s. By Lemma 12.9.21 this subspace is included in the fixed points 
of u~^w. Hence either u~^w = s, or u~^w = 1. This is absurd since 
u < w < ws. □ 

Let w G W and s G Consider the scheme Zg xj Z^, where the mor- 
phism Zs — > g (respectively Z^ — >■ g) is induced by the second (respectively 
the first) projection. 

Proposition 2.9.4. Let w G W and s (z such that ws > w. The scheme 
Zg Xg Z^ is irreducible, of dimension dim(g). 
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Proof. The scheme Zg x~ is the scheme-theoretic intersection of the sub- 
varieties [Zj. X g) and (g x Z^) of g^. Each of these subvarieties has dimension 
2dim(g). As g has a finite covering by open subsets isomorphic to A'^™^^)^ 
the dimension of each irreducible component of Zs x j is at least dim(g) 
(see Proposition 1.7.1]). 

We have [Zg xj Z^) n (grcg)'^ = Z^^^ ^grog hence this intersection is 
irreducible (because it is isomorphic to greg)- Hence any irreducible compo- 
nent oi Zg Xg Z^ is either the closure of Z^g^ ^greg '^w^^ included in 
(0 \ 0reg)^- Assume that there is a component Y included in (g \ greg)^- 
By the arguments above, dim(y) > dim(g). Consider the image Y' of Y 
under the projection ^2,3 : Zg Xg Z^ — > Z^. Then Y' is strictly included in 
Z^, hence has dimension lower than dim(g) — 1. As the fibers of p2,3 have 
dimension at most 1 (see Lemma I2.9.ip . we have dim(y) = dim(g) — 1, 
dim(y) = dim(g), and all the fibers of the restriction {p2fi)\Y have dimen- 
sion exactly 1. It follows that Y' C {Fg x g) n Z^. This is absurd, since 
dim((F^ X g) n Z^) < dim(g) - 2 by Corollary [2X3 □ 

2.10. End of the proof of Theorem 12.2.11 (case of g). We can finally 
finish the proof of Theorem 12 . 2 . 1 1 in the case of g. 

Proof of Theorem 12.2. 1[ We prove the theorem by induction on the Bruhat 
order. First, the statement is clear by definition if i{w) is or 1. Now 
assume it is known for w, and let s € be a simple reflection such that 
ws > w. We only have to prove that ICws — C>z^s ^ x Gni)-equivariant 
sheaves. Indeed, once we know this isomorphism, the fact that K-lug is a 
sheaf implies that Z^^ is Cohen-Macaulay, and that JCtjg is its dualizing 
sheaf (see Equation (j2.2.3p ). 

By definition of convolution, and the induction hypothesis, 

JC^g ^ IC^*Oz^ ^ «(Pi,3)*(Oz.x5^53 0gx^J. 

By induction hypothesis, g x Z^ is a Cohen-Macaulay scheme. Moreover, 
Zs X g is defined locally in g^ be a regular sequence of length dim(g). (This is 
a general fact for smooth subvarieties of smooth varieties, and it is checked 
explicitly in this case in [Rl].) We have proved in Proposition I2.9.il that 
{Zg xg)n(g X Zw) = Zg XgZ^ has dimension dim(g). Using a Koszul complex 
( |Mal (18. D) Theorem 43]) and [Ma[ (16. B) Theorem 31], the derived tensor 

product Oz^xq'^O-^ ^QxZiu concentrated in degree 0. Hence it equals 
OzsX~z^- Moreover, Zg XgZ^ is Cohen-Macaulay (see \Ma\ (16. A) Theorem 
30]). By Proposition 12.9.41 it is also irreducible, and it is smooth on an 
open subscheme (e.g. the intersection with g^g). Hence it is reduced (see 
[Mai p. 125]). It follows that pi^a induces a birational and proper (hence 
surjective) morphism ^1^3 : Zg x~ Z^, —?■ Z^^g, and that we have 

(2.10.1) )C^g ^ (pi,3)*Oz.xgZ„ 

(Recall that IC^g is a sheaf by Proposition 12.6.71 ) 
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On the other hand, let 

/:g X0 ^ ^ (0* X(,./^yf)*) 

be the natural morphism. By Proposition I2.8.H IC^s is globally generated. 
Hence the adjunction morphism f* f*K,w — >■ is surjective. Using also 
Lemma 12.7.21 it follows that there exists a natural surjective {G x Gm)- 
equivariant morphism 

^0X0 ~^ ^ws ■ 

In other words, JCws is the structure sheaf of a closed subscheme of g x g. By 
equation ()2.10.ip . this subscheme is reduced, and coincides with Z^s- This 
finishes the proof. □ 

2.11. Proof of Theorem 12.1.11 for g/j. We come back to the setting of 
Theorem 12. 1.11 In particular, let R = let w E W, and let w = si ■■■ Sn 

be a reduced expression. 
Consider the object 

ICw,R ■■= C'z.j,^ * • • • 

of 2?^Coh'^«'<«(^"^)«(gij x^g^). Note that for every primep > h, KL^^r ®rWp 
is the object "/C^" of glJfor the field k = 1^. Hence, by Lemma [IXIlj2]) 
and Proposition 12.6.71 ^w,R is a coherent sheaf, which is flat over R. 

Let M := RT{qii ^rQr, ^w,r)- By Lemma ri.4.1l!f2]) again and Lemma 
12.7.21 M is concentrated in degree 0. By the same arguments as in the proof 
of Proposition 11.4.31 we have M^^'")^ = R. Hence also 

It follows that there exists a non-zero {Gr x (Gni)_R)-equivariant morphism 

^ '■ ^mxmR 

(uniquely defined up to a scalar which is invertible in R.) By the same 
arguments as in the proof of Proposition 11.4.31 (j) is surjective. In other 
words, we have an isomorphism Ox^^ — ^ for some {Gr xr (Gm)/?)- 
stable closed subscheme C Qr Xr qr. Again by the same arguments 
as in the proof of Proposition 11.4.31 is reduced, and its restriction to 
(qr ^rQr) \ Zw,R is empty. (Here we use that Z^^^r Xspcc(R) Spec(Fp) 
and the scheme defined in ^2.2\ for k = Fp have the same underlying 
topological space.) Hence is a reduced closed subscheme of Z^^r- 

On the other hand, let 1/^ be the inverse image under the projection 
QrXrQr BrXrBr of the Gij-orbit of {Br/ Br,w-^Br/ Br) G BrXrBr, 
and let Z^ ^ be the intersection of Uw with qr Xq*^qr (so that, by definition, 
Zw,R is the closure of ^). It is easy to check (using the fact that the Bott- 
Samelson resolution associated with the reduced expression = Sn - • • si 
is an isomorphism over the inverse image of the orbit of w~^) that we have 

}Cn,,R\u^ = Oz'. 
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Hence H Uw = ^, which imphes that contains Z^u^n. We deduce 
that = Z^^Fi, which finishes the proof of Theorem 12.1.11 in the case of 

Remark 2.11.1. Let k be an algebraically closed field of characteristic 

p > h. As we have observed, in the proof above, A^i^; ,R®Rk is the object 
"/Ct„" of ^2.21 for the field k (by compatibility of convolution with change of 
scalars). On the other hand, the isomorphism JCw^r = Oz^j^ implies that 
ICw,R (S>Rk = Oz„,flXspec{j?)Spec(k)- We deduce that 

Zw, R xspec(i?) Spec(k) = Z^, 

where ".Z^u," is the scheme defined in ^2.21 for the field k. In other words, 
Zw,R Xspec(_R) Spec(k) is reduced. 

2.12. Geometric action for Af and Mr. In this subsection we prove The- 
orems 12.1.11 and 12.2.11 in the case of J\f. For simplicity, we only treat the case 
of a field; the case of R is similar. Hence we fix again an algebraically closed 
field k of characteristic p > h. 

Let w € W. Recall the scheme Z'^ defined in ^2.2[ As Z^ is Cohen- 
Macaulay (by Theorem [2.2. ip . and dim{Z!^) < dim{j\f Xg* A/") = dim(g) - 
dim(t), one easily checks that Z'^ is Cohen-Macaulay, and that 

Oz^ - Oz^ 0p 0^^~ 
(see i j2.10l for a similar argument). 
Lemma 2.12.1. Z^^, is a closed subscheme of Af x J\f. 

Proof. It is sufficient to prove that the morphism S(f)) — )• induced by 
the morphism 

Zi^QXQ^g^l)* 
is zero. But this morphisms coincides with 

Zi^gxg^Q^^* 

(see the remarks before Lemma [2.9.2p . Hence indeed it is zero, by definition 

ofz;. □ 

It follows in particular from this lemma that Oz'^ can be considered as a 
coherent sheaf on A/" x J\f. Now an easy argument, similar to that of |RH 
Corollary 4.3], proves the isomorphism of Theorem I2.2.1[ The description 
of the dualizing sheaf for Z!^ can be proved using an analogue of formula 
(|2:23|1 for Af. 
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2.13. Application to homology and iiT-theory. In |Rlt §§6.1, 6.2], we 
have explained how the braid group action of Theorem 11.6. 1^ for k = C, 
is related to the iC-theoretic description of the affine Hecke algebra, and 
Springer's geometric construction of the representations of W. Here we 
explain some consequences of Theorem 12.2.11 in this context. (Recall that, 
by Remark [2221l2|), Theorem [221] is also true for k = C.) 

For the moment, consider an arbitrary algebraically closed field k, and 
consider the fiber product 

Z := 0Xg. 0. 
Lemma 2.13.1. The scheme Z is reduced. 

Proof. It is well known that Z has dimension d := dim(0) (see e.g. \J3\ 
§10]), and is defined by d equations in the smooth variety 0X0. Hence it 
is Cohen-Macaulay (see |Ma[ (16. A) Theorem 30 and (16. B) Theorem 31]). 
Moreover, it is smooth on the inverse image of 0*g C 0*, which is dense. One 
concludes using [Mai, p. 125]. □ 

Remark 2.13.2. One can interpret the schemes Z^j from yet another point 
of view using this definition: they are the irreducible components of the 
variety Z (see e.g. [J3l §10]). 

On the other hand, the scheme-theoretic fiber product Xg* is not 
reduced in general. (For example, it is not reduced for G = SL(2, k) if 
char(k) = 2.) We set 

Z' := (AA Xg. A/-)red. 
Now for simplicity we specialize to the case k = C. First, recall the 
algebra isomorphism 

(2.13.3) n^s ^ i^^><^'(Z') 

due to Kazhdan-Lusztig and Ginzburg. Here G x acts on Z' via {g,t) ■ 
{X,g,B,g2B) := {r^g ■ X^ggiB.gg^B), 

is the (extended) affine Hecke algebra, and we consider Lusztig's isomor- 
phism defined in |L21 Theorem 8.6] (and not Ginzburg's isomorphism, de- 
fined in |CG| . which is slightly different). In order to follow Lusztig's con- 
ventions, we consider the algebra structure on the right-hand side of (j2.13.3p 
which is induced by the analogue of the convolution product on the category 
V^Cohz' {M X M) defined in ^1.21 but where the role of the two copies of j\f 
is exchanged. By [Rl, §6.1], this isomorphism sends Tg to {—v~^) • [Oz'J- 

Similarly, there is an algebra isomorphism K^^'^^ {Z') = K^^'^^ (Z) (see 
e.g. [MRil §6.1]). Composing it with (j2.13.3p we obtain an algebra isomor- 
phism 

(2.13.4) n,s ^ i^^^^'(Z), 
which sends Tg to {—v^^) ■ [Oz^]- 
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Theorem 12.2.11 implies the foUowing. 

Proposition 2.13.5. Letw G W. Under isomorphism (j2.13.4p . respectively 
isomorphism (I2.13.3p . G Hg.s is sent to {—v~^Y^^^ ■ [Oz respectively 

In particular, this result gives a geometric description of two standard 
bases of the affine Hecke algebra, given by {T^jOx \ w ^ W, x G X} and 
{OxTw \ w ^ W, X G X}. Namely, these bases are given by the classes of 
some shifts of the following {G x C^)-equivariant coherent sheaves on Z: 

Oz ifxjO), respectively Oz ,(0,a;). 

Now, consider the rational top Borel-Moore homology of the 

variety Z' . By [SIl Proposition 5.3], [CSl Theorem 3.4.1] or [KT], there 
exists an algebra isomorphism 

(2.13.6) Q[W] ^ H^^{Z% 

where the algebra structure on the right-hand side is again given by con- 
volution. (Here again, to follow the conventions of [GH IKTl ICGj . the role 
of the two copies of N is exchanged in the definition of the convolution.) 
This isomorphism can be defined as follows. For w G VF, consider the reg- 
ular holonomic system 571^, on B corresponding to the Verma module with 
highest weight —w{p) — p under Beilinson-Bernstein's equivalence (see [KT[ 
§2] for details). Then 971^; is i?-equivariant, hence induces a G-equivariant 
regular holonomic system 9Jt^ on x B. Then isomorphism (j2.13.6p sends 
w to the characteristic cycle Ch(9Jli„) of By [Rll §6.2], the image of 
s G =y is also the characteristic class [Z'g\ of Z'^. 
Now Theorem 12.2.11 implies the following. 

Proposition 2.13.7. Let w G W . Under isomorphism (|2.13.6p . w is 

sent to the characteristic class [Z'^_i] G 7^^"^(Z'). In particular we have an 

equality Ch(9JT^) = [Z'^_i]. 

Remark 2.13.8. The equality Ch{Tlw) = [Z' _i] can also be derived from 
[GTl Equation (6.2.3)]. 

Proposition l2.13.71 can be used to check that Z'^ is not reduced in general. 
Recall that the irreducible components of the Steinberg variety Z' are the 
closures of the conormal bundles to the G-orbits on B x B (see [CGJ or [KT^ 
§4.1]). For y G W, let us denote by 

Yy ■.= T*o{BxB) 

the corresponding component, endowed with the reduced subscheme struc- 
ture. It can be easily checked that the reduced subscheme associated to Z'^ 
is 

(Z;)red= U Yy. 
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(Here, < is the Bruhat order.) However, the multiplicity of Yy in Z'^ can be 
more than 1, which will prove that is not reduced in these cases. 

Indeed, for w G W, in addition to Tl^ defined above, consider the regular 
holonomic system £^ on B which corresponds to the simple ZYg-module 
with highest weight —w{p) — p under Beilinson-Bernstein's equivalence (see 
again [KT^ §2] for details). By Proposition 12.13.71 the multiplicity of Yy 
in Z'^ is the coefficient of the cycle \^ByB/B^^y^ ™ decomposition of 
the characteristic cycle Ch(9Jt^) as a sum of elements [T'^zS/_b('^)]' ^ ^ ^ ■ 
To prove that one of these coefficients is greater than 1, it is sufficient to 
prove that one of the coefficients of the decomposition of Ch(9Jlu,) as a sum 
of elements Ch(£j^) is greater than 1. However, the latter coefficients are 
given by values at 1 of Kazhdan-Lusztig polynomials, which are related to 
singularities of Schubert varieties. 

For example, consider the group G = SL(4). Let si, be the standard 

generators of the Weyl group VF, and let w = S2S1S3S2, y = S2- Then 
Py,w{<l) = ! + <?! hence the coefficient of Ch(£^Q^) in the decomposition of 
Ch(9Jt^Qy) is 2. It follows that the multiplicity of Y^^w in ^y-iu)^ is at leaslH 
2, hence that is not reduced. 

3. Generalities on dg-schemes 

In the next two sections, we develop a general framework to define group 
actions on derived categories of coherent (dg-)sheaves on (dg-)schemes. We 
will use this framework to extend the action of Theorem ll.6.1l to other related 
categories. 

First, in this section we extend the formalism of dg-schemes of [R21 §1] to 
a setting more adapted to quasi- coherent dg-sheaves. Then we extend the 
base change theorem and the projection formula to this setting. 

In this section and the next one, a scheme is always assumed to be sepa- 
rated and noetherian of finite Krull dimension. It follows that the morphisms 
of schemes are always quasi-compact and separated. 

3.1. Definitions. Recall the following definitions ([CKl §2.2], [RH §1.8]). 

Definition 3.1.1. (1) A dg-scheme is a pair (X,A) where {X,Ox) is 
a scheme (with the conventions stated above), and ^ is a quasi- 
coherent, non-positively graded, graded-commutative sheaf of Ox- 
dg- algebras on X. 

(2) A morphism of dg-schemes f : {X,Ax) — ^ {Y,Ay) is the data of a 
morphism of schemes fo : X ^ Y, and a morphism of sheaves of 
dg-algebras (/o)*^y ^ Ax- 



^In fact, it is checked in [KS| that if n < 7, for the group G = SL(n) we have Ch{£,y) = 
[TgygigiB)] ioT 1/ G W . Hsnce here the multipUcity is exactly 2. 
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Let us fix a dg-scheme {X,A). Remark that, as the image of Ox in -4. 
is in degree 0, it is killed by the differential dj\_ of A. It follows that is 
Cx-linear. The same applies to all sheaves of ^-dg-modules. 

We denote by C{X,A) the category of all sheaves of ^-dg-modules, and 
by C'^^{X,A) the full subcategory of dg- modules whose cohomology sheaves 
are quasi-coherent over Ox- We denote by 'D{X,A) and 'D^'^{X,A) the 
corresponding derived categories. Note that 'D'^^{X,A) is equivalent to the 
full subcategory of V{X,A) whose objects are in C'^^{X,A). The category 
^) is triangulated in a natural way. It is not clear from the definition 
that 'D^^{X,A) is a triangulated subcategory; we will eventually prove that 
this is the case under our hypotheses (see Proposition I3.3.2p . 

We denote by CQCoh(X, A) the category of sheaves of >l-dg-modules 
which are quasi-coherent over Ox, and by 'DQCoh{X , A) the corresponding 
derived category. 

Recall the following definition (see |Sp[ Definition 1.1], \R2\ Definition 
1.3.1]). 

Definition 3.1.2. An object 7" of C{X,A) (respectively CQCoh{X,A)) is 
said to be K-injective if for any acyclic object G in C{X, A) (respectively 
CQCoh{X,A)), the complex of abelian groups Hom_4(^, J") is acyclic. 

Let us consider Ox as a sheaf of dg-algebras concentrated in degree 0, with 
trivial differential. We have defined the categories C{X,Ox), C^'^{X,Ox), 
CQCoh(X, Ox) and the corresponding derived categories. Recall that the 
forgetful functor 

For^^ : CQCoh(X, Ox) ^ C{X, Ox) 

has a right adjoint 

Q^^ : C{X, Ox) ^ CQCoh(X, Ox), 

called the quasi- coherator (see |SGA6t p. 187, Lemme 3.2]). As C{X,Ox) 
has enough K-injectives (see |Sp[ Theorem 4.5]), Q'~^^ admits a right derived 
functor 

RQ^^ : V{X,Ox) PQCoh(X,Ox). 
The functor Q^^ sends K-injective objects of C{X,Ox) to K-injective ob- 
jects of CQ,Coh.{X,Ox) (because it has an exact left adjoint functor). One 
easily deduces that RQ^^ is right adjoint to the forgetful functor For'^^ : 
PQCoh(X, Ox) T>{X, Ox)- The functor Q^^ also induces a functor 

Q-^ : C{X,A) CqCoh{X,A), 

which is right adjoint to 

For-^ : CQCoh{X,A) C{X,A)- 

Under our hypotheses C{X,A) has enough K-injectives (see [R2| Theorem 
1.3.6]), hence has a right-derived functor RQ'^, which is right adjoint to 
For-^ : DQCoh(X, ^) 'D{X,A) (for the same reasons as above). 
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Proposition 3.1.3. (1) The functors 

For^^ : VQCoh{X,Ox) ^V''^{X,Ox), 
RQ°^ : ^ PQCoh(X,Ox) 

are quasi-inverse equivalences of categories. 
(2) T>'^'^{X,Ox) is a triangulated subcategory of 'D{X,Ox)- 

Proof. Statement ([1]) is proved in |SGA6|. p. 191, Proposition 3.7] (see also 
[AJU Proposition 1.3] for a more general version). 
Let us prove ([2]). Let 

be a distinguished triangle in T>{X, Ox), and assume that T, Q have quasi- 
coherent cohomology. By ([T]) there exists T\ Q' in I'QCoh(X, 0x), and a 
morphism f : F' ^ G' such that F = For*^-^ (JT'), g = For'^-^(^')) / = 
For'^-^(/'). By usual properties of triangulated categories, one can complete 
the morphism /' to a distinguished triangle 

in PQCoh(X, Ox). Then, again by usual properties of triangulated cate- 
gories, there exists an isomorphism For'^-^('H') = Ti in T>(X, Ox)- It follows 
that Ti has quasi-coherent cohomology. □ 

3.2. K-flats and inverse image. Let {X,Ax) be a dg-scheme. As Ax is 
graded-commutative, we have an equivalence between left and right ^x-dg- 
modules (see jBLj ). In particular we can take tensor products of two left 
^x-dg-modules, and we still obtain a left ^x-dg-module. Also, the tensor 
product is commutative. 

Recall the definition of a K-flat object (see |Sp[ Definition 5.1], [RjJ Def- 
inition 1.3.1]). 

Definition 3.2.1. An object T of C{X,Ax) is said to be K-flat if for any 
acyclic object g in C{X,Ax), the dg-module J-"®^^ g is acyclic. 

Under our hypotheses, every quasi-coherent Ox-module is the quotient 
of a quasi-coherent flat Ox-module. (This follows e.g. from [AJLl Proof 
of Proposition 1.1].) Statement ([T]) of the following proposition is proved 
in \R2\ Theorem 1.3.3]; statement ([2]) can be proved similarly using this 
remark. 

Proposition 3.2.2. (1) For any F in C{X,Ax) there exists a K-flat 

Ax -dg-module V and a quasi-isomorphism V ^^—^ F. 
(2) For any F in CQCoh(X, >ix) there exists a quasi- coherent Ax-dg- 
module V such that For"^^(7-') is K-flat in the category C{X,Ax), 

and a quasi-isomorphism V F. □ 
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It follows from this proposition that if / : {X,Ax) 
phism of dg-schemes, the left derived functors 



(Y, Ay) is a mor- 



Lr:V{Y,AY) 
Lf*^:VqCoh{Y,AY) 



nX,Ax), 
PQCoh(X, Ax) 



are well defined and can be computed by means of left K-flat resolutions, 
and that the following diagram commutes: 



(3.2.3) 



VQColi{Y, Ay) 

For-^y 

■D{Y,Ay) 



Lf 



PQCoh(X, Ax) 
V{X,Ax). 



Because of this compatibility, we will not write the subscript "qc" if no 
confusion can arise. 



Corollary 3.2.4. Let f : {X,Ax) ^ {Y,Ay) and g : (y,^y) 
morphisms of dg-schemes. Then we have isomorphisms 



iZ,Az) be 



Lig o f)* ^ Lf* o Lg* and L{g o f)* 



qc 



Lg, 



qc 



Proof. The first isomorphism is proved in |R21 Proposition 1.5.4]. (It follows 
from the fact that g* sends K-flats to K- flats.) The second one follows using 
diagram (j3.2.3p . or can be proved similarly. □ 



Note that the natural diagram 
PQCoh(y,^y) — 

For 

PQCoh(y,Oy) — 



Lf 



VqCo\i{X,Ax) 

For 

VqCoh{X,Ox) 

is not commutative in general. It is commutative in certain cases, however, 
e.g. if {fo)*AY — Ax and Ay is K-flat as an Oy-dg-module. 

3.3. K-injectives and direct image. Let again {X, A) be a dg-scheme. 
First, let us prove a compatibility result for quasi-coherator functors at- 
tached to Ox and to A. 

Lemma 3.3.1. The following diagram commutes, where the vertical arrows 
are natural forgetful functors: 



V{X,A) - 

For 

V{X,Ox) 



PQCoh(X, A) 

For 

VQCoh{X,Ox). 
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Proof. The corresponding diagram for non-derived categories (and non-deri- 
ved functors) clearly commutes. Hence it is sufficient to prove that if I is 
K-injective in C{X, A), then For(X) is split on the right for the functor . 
Recall that an object T of C{X^Ox) is said to be weakly K-injective if for 
any acyclic, K-flat object Q of C(X, Ox), the complex of abelian groups 
Homo^(^, J^) is acyclic (see |Sp[ Definition 5.11]). In particular, if X is K- 
injective in C(X, ^), then For(X) is weakly K-injective in C{X,Ox)- (This 
follows from fSp^ Proposition 5.15(b)] applied to the natural morphism of 
dg-ringed spaces (X, ^) — )• (X, Ox)-) Hence it is enough to prove that 
weakly K-injective objects of C(X, Ox) are split on the right for the functor 
Q'^^. And for this, using the existence of right K-injective (in particular, 
weakly K-injective) resolutions (see |Sp[ Theorem 4.5]), it is enough to prove 
that if J is weakly K-injective and acyclic, then {J) is acyclic. 

So, let J be such an object. By Proposition 13.2.21 there exists an ob- 
ject V of CQCoh(X,C'x) such that For^^(P) is K-flat in C{X,Ox), and 

a quasi-isomorphism V Q^^{J)- Let us denote by 'H{X,Ox)^ respec- 
tively 'HQCoh(X, Ox), the homotopy category of C(X, Ox), respectively 
CQCoh(X, Ox)- By adjunction, there is an isomorphism 

Hom^QCoh(x,0;,)(^,Q''^(:^)) = Hom^(x,o^)(For^^(7'), J). 

The complex of abelian groups Hom.o^{¥ov'~'^ {V), J) is acyclic by |Sp[ 
Proposition 5.20]. Taking the 0-th cohomology of this complex, we deduce 
Hom«(x,o^)(For^^(P), J) = 0, hence Hom^QCoh(x,Ox)(^' Q^^^C^)) = 
In particular, the quasi-isomorphism V — )• Q'^^{J) is homotopic to zero, 
which implies that Q*^^ {J) is acyclic. □ 

Proposition 3.3.2. (1) The subcategory 'D'^'^[X.,A) is a triangulated 
subcategory of V{X,A). 

(2) The functors 

For^ : VqCoh{X,A) V'i%X,A), 
RQ^ : V'^''{X,A) VqCoh{X,A) 

are quasi-inverse equivalences of triangulated categories. 

(3) There are enough K-injectives in the category CQCoh(X, ^). 

Proof. ([1]) This is an easy consequence of Proposition I3.1.3l!f2]) . 

([2]) We have already seen that these functors are adjoint. Hence there are 
natural adjunction morphisms For"^ o RQ-^ Id and Id — t- RQ-^ o For'^. By 
Lemma 13.3.11 the following diagram commutes: 

Vi^X, A) , PQCoh(X, A) 

For-^ 



For 



For 



V^^X, Ox) PQCoh(X, Ox). 
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Hence it follows from Proposition 13.1.31 that for every T in PQCoh(X, A) 
and Q in D'^'^iX^ jK) the induced morphisms For-^ o RQ'^(Q) Q and J- — )• 
RQ'^ oYox'^{J-) are isomorphisms. Statement ([2]) follows. 

([3]) We have seen in §3.11 that Q-^ sends K-injectives to K-injectives, and 
that there are enough K-injectives in the category C{X^A). Let J- be an 
object of CQCoh(X, yi), and let Z be a K-injective resolution of For"^(J^) in 
C{X,A). Then in PQCoh(X,^) we have F ^ RQ^ o For'^(J^) ^ Q^{1). 
Moreover, as the dg- module Q-^{Z) is K-injective, we can represent this 

isomorphism as a quasi- isomorphism F Q-^(X) in CQCoh(X,^). This 
proves ([3]). □ 

Remark 3.3.3. It follows from Proposition I3.3.2I| 2]) and diagram (|3.2.3p 
that we have L/* (©^^(y, ^y)) C V^^iX^Ax). 

It follows from statement Q of Proposition 13.3.2] that if / : {X,Ax) — > 
{Y,Ay) is a morphism of dg-schemes, we can consider the right derived 
functors 

Rh:V{X,Ax) ^ V{Y,Ay), 
Rff : VQCoh{X,Ax) ^ PQCoh(y,^y). 

(Note that, by [H21 Proposition 11.5.8(c)], under our assumptions the direct 
image of a quasi-coherent Ojc-module is a quasi-coherent Oy-module.) As 
usual, we denote by /o : {X,Ox) — > {Y,Oy) the associated morphism of 
ordinary schemes. We also have the associated derived functors 

R{fo%:V{X,Ox) ^ V(Y,Oy), 

RifQ)T ■■ vQCoHx,Ox) ^ PQCoh(y,Oy). 

Lemma 3.3.4. (1) We have i?(/o)*(P'^"(X, Ox)) C P^"(y, Cy). 
(2) The following diagram commutes: 

PQCoh(X, Ox) ^ PQCoh(y, Oy) 

For^x For^Y 

V{X, Ox) ^ V{Y, Oy). 

Proof. ([T|) is proved in [HI', Proposition II. 2.1]. (See [EJ Proposition 3.9.2] 
for a proof under less restrictive hypotheses.) Let us deduce ([2]). By Propo- 
sition I3.3.2t [2]) , it is enough to prove that 

R{fo)T o RQ'^'' = RQ^"- o R{fo).. 

It is known that 

(3.3.5) (/o)f oQ«^^Q'^^o(/o), 

(see |SGA61 p. 188, Lemma 3.4]). Moreover, Q^^ sends K-injectives to 
K-injectives, and (/o)* sends K-injectives to weakly K-injectives (see 
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Proposition 5.15]), which are spht on the right for (see the proof of 

Lemma l3.3.ip . Hence the result fohows from isomorphism (I3.3.5p . □ 

Now we deduce analogues of these properties for ^-dg-modules. 

Proposition 3.3.6. (1) We have R{f)^{V'^''{X,Ax)) C ^^^{Y.Ay). 
(2) The following diagram commutes: 



PQCoh(X, Ax) 
V{X,Ax) 



RfT 



PQCoh(y,^y) 
V{Y,Ay). 



(3) The following diagram also commutes: 

RfT 



PQCoh(y,^y) 



R{h)T 



VqCoh{X, Ax) 

Forjf 

PQCoh(X,Ox) 
Proof. Recall that the following diagram commutes: 

Rf* 



For> 



PQCoh(y,Oy). 



(3.3.7) 



V{X,Ax) 

Forjf 

V{X, Ox) 



V{Y,Ay) 



R{h), 



Forv 



V{Y,Oy), 



see [R21 Corollary 1.5.3]. Then ([T|) follows from Lemma r3.3.4l fT|). 

Statement ^ can be proved similarly to Lemma [3.3.4I |2]). For this we use 
the fact that a weakly K-injective >ly-dg-module is also weakly K-injective 
as an Oy-dg-module (see |Sp[ Proposition 5.15(b)]) hence it is split on the 
right for the functor Q^^ (see the proof of Lemma [3.3.ip . which implies that 
it is also split on the right for the functor Q'^^ . 

Finally, consider the diagram of ([3]). By definition there is a natural 
morphism of functors Fory o Rf^^ — > R{fo)T ° For^. The fact that it is 
an isomorphism follows from diagram (j3.3.7p . statement ([2]), and Lemma 
[3Xip . □ 

Because of these compatibility results, we will not write the supscript 
"qc" if no confusion can arise. 



Corollary 3.3.8. Let f : {X,Ax) ^ iY,AY) and g : (y,^y) 
morphisms of dg-schemes. Then we have isomorphisms 

R{g o f), ^ Rg, o Rf, and R{g o f)f ^ Rg^- o Rf: 



iZ,Az) be 



qc 



Proof. The first isomorphism is proved in [R2j Corollary 1.5.3]. The second 
one follows, using Proposition 13. 3. 6t [2|). □ 



AFFINE BRAID GROUP ACTIONS 51 



3.4. Adjunction. 

Proposition 3.4.1. (1) The functors 

Lr:V{Y,AY) ^ V{X,Ax), 
Rf,:V{X,Ax) ^ ■DiY,AY) 

are adjoint. 
(2) Similarly, the functors 

Lf*^ : VqCohiY, Ay) ^ VQCoh{X,Ax), 
RfT ■ VqCoh{X,Ax) VQCoh{Y, Ay) 
are adjoint. 

Proof. These results follow from general properties of derived functors, see 
[Kel Lemma 13.6]. But they can also be proved directly, as follows. First, 
([l]) is proved (by direct methods) in \R2\ Theorem 1.6.2]. Let us deduce ([2]). 
Let be an object of 'DQCoh{Y, Ay) , and Q an object of PQCoh(X, ^x)- 
First we have: 

Hom^QCoh(X,^^)(i/qc-^,^) = Hom^(x,^^)(For-^^oL/*,^,For^^^) 

^ Romj,^x,Ax)iLf* o For-^y T, Fov^^ Q). 

Here the first isomorphism follows from Proposition 13. 3. 2l [2|). and the second 
one from diagram (j3.2.3p . Hence, by ([1]) we have 



muij,^CoKX,Ax)iLfl,T, Q) - Homi,(y,^^)(For-^^ J", Rf, o For-^-^ Q). 
Then, using Proposition I3.3.6t [2]) and again Proposition 13. 3. 2t [2|). we deduce 

Hom^QCoh(X,^^)(^/qc-^,a) = Hom^(y,^^)(For-^^^,For-^^oi?/fg) 

^ Hom^QCoh(y,^y)(-^,^/ra)- 
These isomorphisms are functor ial. □ 

3.5. Projection formula. In this subsection we generalize the classical 
projection formula (see [Hll Proposition n.5.6]) to dg-schemes. 

Lemma 3.5.1. (1) The functors Ri^fQ)^^ andRf,^ commute with filtered 
direct limits. 

(2) For T in T>{X, Ox) cind Q in T>'^'^{X^ Ox) we have a functorial iso- 
morphism 

R{fo)*{J'®oxL{fo)*Q) = {R{fo)*J')^oyQ. 

Proof. The case of i2(/o)* can be proved as in |R2l Corollary 1.7.5]. (In 
loc. cit., "direct sum" can be replaced by "filtered direct limit" without any 
trouble.) Then the case of Rf:^ follows, using diagram ()3.3.7p . 

Assertion ([2]) is proved in [Lil Proposition 3.9.4]. □ 
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Proposition 3.5.2 (Projection formula). For T € ViX^Ax) and Q G 
V^'^(Y^Ay) we have a functorial isomorphism 

Proof. By the same arguments as in [HI, Proposition 5.6] or in [Lil §3.4.6], 
there is a morphism of functors 

We want to prove that it is an isomorphism. First we can assume that G is 
the image of an object of CQCoh.(Y, Ay) (see Proposition I3.3.2] |2])). Then, 
by the proof of Proposition 13. 2. 2l [2|). G is quasi-isomorphic to the direct hmit 
of some ^y-dg- modules Vp such that, for any p, Vp has a finite filtration 
with subquotients of the form Ay Go with Qq in CQCoh(y, Oy), K-flat 
in C{Y, Oy). Hence, by Lemma [3.5.1lfT]l . we can assume that Q = Ayfi^Ov 
for such a Gq. Then G is K-flat, we have in V^X, Ox) 

Lf*G = fG = Ax {fo)*Go, 
and the Ox-dg-module {fo)*Go is K-flat. Hence 

J'^Aj.LfG = F®OxikTQ» = ^^OxUoTGo. 
Similarly we have 

{Rf.F)®AYQ = {Rf*^)®OyGo- 

Hence the result follows from Lemma [3. 5.1112]) and the compatibility between 
i?/* and R{fo)*, see diagram ()3.3.7p . □ 

3.6. Quasi-isomorphisms. 

Proposition 3.6.1. Let f : {X,Ax) — > {Y,Ay) be a morphism of dg- 
schemes such that /o is a closed embedding, and the induced morphism Ay — > 
{fo)*Ax is a quasi-isomorphism of dg-algebras. Then the functors 

Rf,:V{X,Ax) ^ 'D{Y,Ay), 

Lf*:ViY,Ay) ^ V{X,Ax) 

are quasi-inverse equivalences of triangulated categories. They induce equiv- 
alences of triangulated categories 

P^^(X,^x) = V'^''{Y,Ay), VqCo\i{X,Ax) = VQCoh{Y, Ay). 

Proof. One can factor / as the composition 

{X,Ax) ^ {Y,{fo).Ax) ^ {Y,Ay). 

Hence, using Corollaries 13.3.81 and 13.2.41 it is sufficient to prove the result 
for fl and /2. The case of /2 is treated in \K2\ Proposition 1.5.6]. (The 
proof is similar to the usual case of a dg- algebra, see |BL| .l And for /i, the 
(non-derived) functors (/i)* and (/i)* are already (exact) equivalences. □ 
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3.7. Derived fiber product and base change. In this subsection we 
generahze the usual flat base change theorem ( |HH Proposition II. 5. 12], [Lil 
Theorem 3.10.3]) to dg-schemes. One of the main advantages of considering 
dg-schemes is that, in this generality, one can replace fiber products by 
derived fiber products, and then get rid of the flatness (or "independence") 
assumption. 

First, a morphism of dg-schemes / : {X,Ax) — > {Y,Ay) is said to be 
smooth if the underlying morphism of schemes Jq-.X^Yis smooth, and 
Ax is K-flat over (fo)* Ay- 
Let now X = {X,Ax), Y = {Y,Ay), Z = {Z,Az) be dg-schemes and let 
/:X^Z,(7:Y^Zbe morphisms. As in the case of ordinary schemes 
( |H21 p. 87]), one can easily define the fiber product dg-scheme 

XxzY. 

(If Xq, Yq and Zq are affine, the fiber product is given by the tensor product 
of dg-algebras.) Assume now that the morphisms /o : Xq — > Zq and gQ : 
Yq ^ Zq are quasi-projectiv^. Then one can factor these morphisms as 
compositions 

X 4 X' ^ Z, Y^Y'^Z, 

where /i and 171 are quasi-isomorphic closed embeddings (i.e. satisfy the 
assumptions of Proposition 13.6.1]) . and /2 and 52 are smooth. (See \CK\ 
Theorem 2.7.6] for the existence of such factorizations.) Then one can "de- 
fine" the dg-scheme 

XxzY 

as X' xz Y, or equivalently X xz Y', or equivalently X' xz Y'. More pre- 
cisely, this dg-scheme is defined only "up to quasi-isomorphism." However, 

the categories 2?(X xz Y) and 2?QCoh(X xz Y) are well defined, thanks to 
Proposition 13.6.11 These are the only objects we are going to use. To give 

R 

a more precise definition of X Xz Y, one would have to consider a "derived 
category of dg-schemes" as in [CKl §2.2]; we will not do this here. 

There are natural projections pi : XxzY — t- X, p2 : XxzY Y, 
represented by the morphisms of dg-schemes XxzY'^X, X'xzY— t-Y. 
Note that the following diagram commutes, where i : X Xz Y' — )■ X' Xz Y' 
is the morphism induced by fi , and p'l : X' x z Y' ^ X' is induced by 52 : 

P(X xz Y') ^^^^ P(X' xz Y') 



P(X) ^ P(X') 



More generally, for the definition of the derived fiber product one only has to assume 
that / factors through a closed embedding Xq ^ Xg where the morphism Xq — > Zo 
is smooth, and similarly for g. In the proof of Proposition 13.7.11 we will also need the 
assumption that fo is of finite type. 
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(see Corollary I3.3.8p . As and Ri^: are equivalences of categories 

with respective inverses L(/i)* and Li* (by Proposition 13.6. l]l . we also have 
R(pi)^ = L(/i)* o R{p'i)* o Li*. Similar results apply for the inverse image 
functors, and for Y instead of X. It follows from these remarks that, even 
if pi and p2 are "not well defined" as morphisms of dg-schemes (because 
their source is not well defined), the associated direct and inverse image 
functors are well defined (i.e. are compatible with the natural equivalences 
between the categories of dg-sheaves associated to the different realizations 

of X X z Y as a dg-scheme) . 

Proposition 3.7.1 (Base change theorem). Consider the diagram 

R P2 

XxzY 

pi 

X — ^Z. 

Then for T in PQCoh(X) we have a functorial isomorphism 
Lg*oRf,F ^ R{p2).oL{pi)*T. 

Proof. As usual, there is a morphism of functors from the left hand side to 
the right hand side of the isomorphism we are trying to prove. (See [Li] 
Proposition 3.7.2] for the similar statement for ordinary schemes.) What we 
have to show is that it is an isomorphism. 

Using resolutions as above, one can assume that / and g are smooth. In 

this case, X xz Y is simply X Xz Y. Let g : (Y, {go)*-Az) — > {Z,Az), Pi '■ 
{XxzY, {piflYAx) ^ {X,Ax) andp2 : {XxzY, {pifl)*Ax) ^ {Y, {goYAz) 
be the natural morphisms of dg-ringed spaces. By definition, and the ordi- 
nary flat base change theorem ( [HH Proposition II. 5. 12] or [Lil Proposition 
3.9.5]) we have 

Lg* oRf.T ^ Ay ®(<,o)Mz (sO* o Rf* ^ 

On the other hand, by definition of the fiber product we have 

Axy.zY - (Pl,o)*-4x <^(pi,o)*(/o)Mz (?'2,o)*^y- 
Hence, by the projection formula (Proposition 13. 5."2]) . 

R{P2). o L{pi)* T ^ R{p2)Mxy.zY®{p,^,YAx{PlT ^) 

This concludes the proof. □ 

3.8. Compatibility of projection and base change. To finish this sec- 
tion, we observe that one can prove some compatibility result for the isomor- 
phisms of Propositions 13.5.21 and 13.7.11 This is similar to ^Li^ Proposition 
3.7.3], and left to the interested reader. 
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4. Convolution and geometric actions 

In this section we present the formahsm of functors on derived categories 
of coherent sheaves arising from "integral kernels." We fix two dg-schemes 
X = {X,Ax) and Y = {Y,Ay), and consider a morphism of dg-schemes 
/ : X ^ Y such that /o is quasi-projective. 

4.1. Convolution. In this subsection we will consider the category 

/Cx,Y := X'QCoh(X xyX). 

An important particular case is when X = X and Y = y are ordinary 
schemes, such that 

(4.1.1) Torg''^^(Ox,Ox) = 0. 

Then the dg-scheme X xy X "is" the ordinary scheme X xy X, and ICx,y — 
VQCoh{XxyX). 

Proposition 4.1.2. There is a natural convolution product on /Cx,Y; which 
endows this category with a monoidal structure. 

Sketch of proof. We only give the definition of the product. Its main prop- 
erties are easy to check using the projection formula (Proposition 13.5.^ . the 
base change theorem (Proposition 13. 7?!]) and their compatibility ( §3.8p . A 
similar construction has been considered in [MRi] in a special case. 

For simplicity, using the constructions of §3.71 one can assume that the 
morphism X — > Y is smooth, so that all the derived fiber products become 
ordinary fiber products. For {i,j) £ {(1, 2), (1, 3), (2, 3)}, we denote by 
qtj : Xq Xyg Xq Xyq Xq Xq xy^ Xq the projection on the i-th and j-th 
factors, and by Zij the following dg-scheme: 

•= {^0 ^Yo Xq XY^^ Xq, (Qj j )*»4xxyx) • 

There is a natural morphism of dg-schemes pij : Zjj — t- X xy X, and 
associated functors R{pij)*, L{pij)*. (In the general case, when X — >■ Y is 
not assumed to be smooth, the dg-scheme Zjj- can be defined as the derived 
fiber product 



R . R 



X Xy X) X [Xq Xy„ Xq Xy„ Xq) , 



Xo X Yq X() 



R 



where the morphism Xq x y„ Xq x y, Xq — Xq x y, Xq is the derived version 
of qi,j-) 

Let also q2 ■ Xq Xy^ Xq xyg Xq — > Xq be the projection on the second 
factor, and consider the sheaf of dg-algebras q2Ax on Xq xy, Xq xy^ Xq. 
There is a natural bifunctor 

CQCoh(Zi,2) X CQCoh(Z2,3) ^ CQCoh(Zi,3) 

(Here we forget about the action of the middle copy of Ax on F ®q*j^^ G-) 
This bifunctor has a derived bifunctor between the corresponding derived 



(- 
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categories, which we denote by (— <8'2— )• It can be computed using K-flat 
resolutions. 

Then the convolution product can be defined as follows for T ^ Q in /Cx,y: 

T^Q := R[pi,z)*{L{pi,2YQ®2L{p2,:iYT). 

As explained above, the basic properties of this product can be proved by 
copying the usual proofs for schemes. In particular, the unit object for 
this product is the direct image of the structure sheaf under the diagonal 
embedding A:X^XxyX. □ 

Remark 4.1.3. Suppose that X and Y are ordinary schemes, which sat- 
isfy the Tor vanishing assumption (j4.1.ip . Then the assertion of Proposi- 
tion 14.1.21 does not involve dg-schemes. However, its proof (the construc- 
tion of the monoidal structure on Kx.y) makes use of the triple product 

X Xy X Xy X, which reduces to an ordinary scheme only under a stronger 
Tor vanishing assumption, which does not hold in the examples of interest 
to us. 

4.2. Action by convolution. Our main interest in the category /Cx,y 
comes from the following result. 

Proposition 4.2.1. (1) The category DQCoh.(X.) carries a natural con- 
volution action of the monoidal category /Cx,y- 
(2) Assume that X and Y are ordinary schemes, that f is proper, and 
that X is a smooth scheme. Let /C3^y C }Cx,y be the full subcat- 
egory which consists of complexes with a finite number of nonzero 
cohomology sheaves, each of which is a coherent sheaf on X Xy X . 
Then /C3^y is a monoidal subcategory, and its action preserves the 
full subcategory V''Coh{X) C VQCoh{X). 

Sketch of proof. We only give the definition of the convolution action, leav- 
ing the details to the interested reader. By definition there are morphisms 

of dg-schemes pi,P2 ■ X xy X — )• X. For T in /Cx.Yi the associated functor 
is given by: 

r r'QCoh(X) ^ PQCoh(X) 

1 g ^ R{P2\{T®R ^L{piyg) ' 

V. X X Y-^ 

where ® r stands for the (derived) tensor product over A r . □ 
XxyX XxyX 

Remark 4.2.2. We will mainly apply Proposition 14.2.1] in the situation of 
([2]) . Notice that this action factors through another monoidal category which 
is simpler to define, namely the category D^Cohxxyx(Ar x X) which is the 
full subcategory in T)^Coh.{X x X) consisting of complexes set-theoretically 
supported on X xy X; more precisely, the action of statement ([2]) is the 
composition of the action of the monoidal category P''Cohxxyx(-^ x AT) 
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on T>^Coh{X) and the functor of "direct image under closed embedding" 
}Cx\ ~^ T^^ColixxyxiX X X). The motivation for introducing the more 
comphcated category JCx,y is the base change construction of Proposition 
below. 

Proposition 4.2.3. Let Y' — J- Y 6e a morphism of dg-schemes, whose 
underlying morphism of schemes is quasi-projective, and set X' := X Xy Y'. 

(1) The pull-hack functor tCyiy ^ fC-^.' ;y I is monoidal. 

(2) The pull-back functor PQCoh(X) PQCoh(X') is compatible with 
the actions o//Cx,Y) where the action on I'QCoh(X') is the compo- 
sition of the action o//Cx',y' given by Proposition 14.2. ll fT]) and the 
monoidal functor of ([1]) . 

Proof. Observe that there is a natural quasi-isomorphism of dg-schemes 

X'xy'X' ^ (x5yX)5yY'. 

Similarly, let Zjj, (i, j) G {(1,2), (2,3), (1,3)}, be defined as in the proof of 
Proposition 14.1.21 and let be the dg-scheme defined similarly for X', Y' 
instead of X, Y. Then we have 

qis n 

Z^,, = Z,„,xyY'. 

Using these remarks, the proposition follows from the base change theo- 
rem. Indeed, the following diagram is cartesian (in the derived sense): 



Zi 

«(P'l,3) 



1,3 

^?(Pl,3). 



X' xy' X' ^X xyX. 

Applying Proposition 13. 7. H and the compatibility of the tensor product with 
inverse images, one obtains ([T]). Statement ([2]) can be proved similarly. □ 

Remark 4.2.4. In most examples relevant for us X, Y and Y' will be 
ordinary schemes, and we will have Tor^g'^ ^ '^^ ((/')^-'^Oy/, (7r')~^Ox) = 
for the morphisms n : Y' ^ Y , f = X' ^ Y' , n' : X' ^ X , so that X' is 
also an ordinary scheme. Moreover, X' will be regular, and f : X Y will 
be proper, so that we are in the situation of Proposition 14. 2. Ti p]). 

4.3. Geometric actions. Motivated by the constructions of § §4.1] 14.2] we 
introduce the following notion. 

Definition 4.3.1. A (weak) geometric action of a group P on a dg-scheme 
X over Y is a homomorphism from P to the group of isomorphism classes 
of invertible objects in the monoidal category /Cx,Y- 

Under the assumptions of Proposition 14.2. Tl ]2]). a weak geometric action 
is called finite if its image is contained in ICx\ ■ 
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According to Proposition 14.2.31 a weak geometric action induces a usual 
weak action of F by auto-equivalences of PQCoh(X') for any X' as in that 
proposition. 

Remark 4.3.2. The above constructions certainly admit a variant when an 
algebraic group G acts on X, Y and we work with categories of equivariant 
sheaves, or perhaps more generally for stacks. Our elementary approach of 
Section [3] is not adapted to these settings, however. (See Section [5] below for 
some partial results in this direction.) 

Now we come back to the setting of Theorem 11.3.11 Using the terminol- 
ogy introduced above. Theorem 11.6.11 gives statement ([T]) of the following 
theorem. Statement ([2]) follows from Proposition 14.2.31 (The compatibility 
for the direct image functor follows from the compatibility for the inverse 
image functor by adjunction.) 

Theorem 4.3.3. Let R = ^[;^], where uq is defined in ^1.31 

(1) There exists a natural finite geometric action of the group Bag on 
Qr (respectively Mr) over q*j^. 

(2) For any morphism of dg-schemes X — )• g^j whose underlying mor- 
phism of schemes is quasi-projective, there exist geometric actions of 
Baff on PQCoh(gR Xg*. X) and PQCoh(A/}j, Xgj. X). Moreover, the 
direct and inverse image functors 

PQCoh(gK) . ' VQCoHqr X) 

Rp* ^ 

^ R ^ 

for the projection p : 0_r x g-^ X — > g/j commute with these actions, 

and similarly for Mr . 

If the assumptions of Proposition 14.2.11 are satisfied, then the ac- 
tion is finite. 

The same results hold if R is replaced by an algebraically closed field k 
satisfying the assumptions of Theorem \1. 6. 1[ 

Remark 4.3.4. Note that the existence of the action for TV cannot be 
obtained from that for q using Proposition 14.2.31 Indeed the fiber product 
g Xg. M' is not reduced, hence not isomorphic to M. Here M' := G-(g/b)* C 
g* is the "dual nilpotent cone." 

4.4. Examples. Now we get back to the notation of Sections [1] and [2j For 
simplicity we assume that k is of characteristic 0. In particular, in this case 
there exists an isomorphism of G- modules g — g*, which identifies the "dual 
nilpotent cone" M' of Remark 14.3.41 with the usual nilpotent cone M. 

Consider a nilpotent element X ^ 0*- Let S be the corresponding Slodowy 
slice (see (Sl llG2| : here we follow the notation of [G2i §1.2]). We also consider 
the (scheme theoretic) fiber product 

S :=M x„* S. 
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By [G21 Proposition 2.1.2], this scheme is a smooth variety, of dimension 
2dim(;B) — dim(G • x) (i-e- twice the dimension of the associated Springer 
fiber) . 

Lemma 4.4.1. The dg-scheme 

is concentrated in degree 0, i.e. is quasi-isomorphic to the variety S. 

Proof. This fohows from a simple dimension-counting: one observes that the 
codimension of Xg* S in A/" is dim(G • x)j which is exactly the codimension 
of § in g*. The result follows, using a Koszul complex argument. (See ^2.101 
for similar arguments.) □ 

Using this lemma and Theorem 14.3.31 one deduces the following. 

Corollary 4.4.2. There exists a natural finite geometric action of Bag on 
S over S. Moreover, the inverse and direct image functors 

V^Coh{M) - — ^ V'>Coh{S) 

are compatible with this action and the one given by Theorem \1. 6. 1[ 

Assume now that G is simple, and that x is subregular. Then, according 
to Brieskorn and Slodowy, 

is a Kleinian singularity, and S is its minimal resolution (see [SI]). In this 
case, the braid group action of Corollary 14.4.21 is related to spherical twists 
and mirror symmetry, and has been extensively studied by several math- 
ematicians (see \ST\ \Bd\ \1\J\J\ IBT] ). In particular, it is proved in [BTJ 
(extending results of [ST]) that, if G is simply laced, the restriction of the 
action on 5 to B is faithful. It follows easily that the actions on X'*Coh(AA) 
and P^Coh(0) are also faithful. Similarly, in [lUU] it is proved that if G is 
of type A, then the restriction of the action on S to B^g^ is faithful. Again, 
it follows that the actions on D^Coh(A/') and 'D^Coh.{Q) are also faithful. 

5. Equivariant version 

We were not able to extend the theory of dg-sheaves on dg-schemes to 
the equivariant setting, i.e. to the situation where the dg-scheme is endowed 
with an action of algebraic group, and we consider dg-sheaves which are 
equivariant for this action. (In particular, our proof of Proposition 13.3.21 
does not extend to this setting.) In this section we provide direct arguments 
to prove an extension of Theorem 11.3.21 in the spirit of Theorem 14.3.31 This 
statement is used in [BMj. 

This section is independent of Sections O [3] and [H In particular, the 
assumptions on schemes in Sections [3] and [4] are not in order anymore. We 
use the general theory of unbounded derived categories of equivariant quasi- 
coherent sheaves over schemes as developped e.g. in |VV[ §1.5]. 
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5.1. Statement. In this section we let R be either Z[— ], where hq is de- 
fined in §1.3| or an algebraically closed field which satisfies the assumptions 
of Theorem 11.6.11 _ 

As in §1.11 we consider the varieties gjj, A//j, over R. Let ^ be a 
group with a fixed homomorphism to Gr Xr {Gm)R- We denote by BCg, 
respectively BCg , the category of affine noetherian schemes S endowed with a 
^-action and an equivariant morphism to gjj such that the natural morphism 
of dg-schemes 

S Xq'j^Qr ^ S Xg*^QR, respectively S x Mr ^ S x Mr, 

is a quasi-isomorphism. Morphisms are assumed to be equivariant and over 
gjj. For such an S, we set S := S x^*^ qr, respectively S' := S x^*^ Mr. 

Theorem 5.1.1. For any S in BCg, respectively BCg, there exists an action 
o/ Baff on the category V^'Coh^ (S), respectively P^Coh^(S"), such that for 
any G -equivariant morphism Si ^ S2, the action commutes with the direct 
and inverse image functors 

P^Coh^(5i) - — ^ P''Coh^(^2), 

respectively 

These actions are also compatible with the change of equivariance functors 
(for a group morphism Q' Q over Gr xr (Gm)_Rj- 

The proof of Theorem 1 5 . 1 . 1 1 will be completed in ^5.4[ We give the details 
only in the case of qr; the case of Mr is similar. 

For S in BCg, we write 5 = Spec(A5), where As is a ^-equivariant 
Sij(0ij)-algebra. If / : 5 — > g|j is the structure morphism, we denote by 
f ■ S ^ Qr the morphism obtained by base change. 

5.2. Quasi-isomorphisms of equivariant dg-schemes. As explained a- 
bove, it is not easy to develop a general theory of equivariant dg-schemes. 
However, part of the theory is easy to adapt. (See also [MRit Section 1] for 
such results.) 

Let X := {X,A), where X is a scheme and ^ is a graded-commutative, 
non-positively graded, quasi-coherent sheaf of Ox-dg-algebras. We assume 
furthermore that an algebraic group H acts on X, that A is i/-equivariant, 
and that the multiplication and differential are equivariant. We call such 
objects if-equivariant dg-schemes. We assume furthermore that every H- 
equivariant quasi-coherent sheaf on X is a quotient of an i?-equivariant 
quasi-coherent sheaf which is flat as an Ox-module. (See \W\ Remark 
1.5.4] for comments on this assumption.) 

We denote by CQCoh^(X) the category of ff-equivariant, quasi-coherent 
sheaves of ^-dg- modules on X, and by X'QCoh^(X) the associated derived 
category. It follows easily, as in |R2l Theorem 1.3.3], that there are enough 
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objects in the category CQCoh (X) which are K-flat as ^-dg- modules. 
Then one can adapt the proof of [BL. Theorem 10.12.5.1] to prove the fol- 
lowing. 

Proposition 5.2.1. Let {X,A) and {X,A!) he two H-equivariant dg-sche- 
mes over the same ordinary H-scheme X which satisfies the assumption 
above, and let (j) : A ^ A! he an H-equivariant quasi-isomorphism of dg- 
algehras. Then the extension and restriction functors induce equivalences of 
categories 

VqCoh"{X,A) = PQCoh^(X,^')- 

5.3. Definition of the kernels. From now on, for any S in BCg we fix 

a Cy-equivariant graded-commutative S(0/j)-dg-algebra Ds which is K-flat 
as an SR(gR)-dg-module, and a quasi-isomorphism of ^-equivariant 

dg-algebras Ds As- (For existence, see the arguments of }CK . Proof of 
Theorem 2.6.1].) 

Fix some S as above, and denote by / : 5 — )• g|j the associated morphism. 
By assumption, the derived tensor product 

is concentrated in degree 0. Hence the morphism of dg-algebras 

®S{0«) Ds ^ Og^ ®s(g«) As 

is a quasi-isomorphism. The morphism f : S ^ Qr \s affine, hence the 
functor is exact, and identifies the category Coh^(S) with the category 
of ^-equivariant coherent /*0^-modules on qr. Moreover, there is an iso- 
morphism 

lO~s = ®s(0,) As. 
We deduce from these remarks, using Proposition 15.2.11 that there is a 
natural equivalence of categories 

(5.3.1) PQCoh^(^) - VqCohS(gjt,0~^^(S)sisn)Ds)- 

Similar remarks apply to the schemes S XrQr, Xr S, S XrS. 

Recall that, for any t G we have defined the kernel Oz^ ^ in the 
category Coh'^«^('^'")«(si? 

X Qr)- Consider the object 

L{f xld~, J* Oz,,^ mV'Coh^iSxQn)- 

Lemma 5.3.2. For any S in BCg, there exists an object ICf in D^Colfi {S x ji 
S) and an isomorphism 

i?(Idg X 7),/Cf - L(7xIdg)*Oz,« 

in 'D^Colfi{S x/j g). Moreover, these objects can he chosen in such a way 
that: 

(1) the objects K-f are compatible with change of equivariance functors; 
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(2) if g : Si ^ S2 is a morphism in the category BCg, with morphism 
g : Si S2 obtained by change change, there is an isomorphism 

(5.3.3) i?(Idg^ X 5),/Cfi ^ L(5xId^J*/Cf 

in V^Co\fi{Si XRS2). 

Proof. By the variant of equivalence (15.3. Ij) for S xrQr, we have an equiv- 
alence of categories 

VQCoh^ {S xrqr) ^ 

VQCoh^ (qr x/jBij,Og^xifl «'s(0fl)®BS(gfl) i^s ®rS{qr))). 
Under this equivalence, the object L{f x Id^yOzf corresponds to 

To prove the first assertion of the lemma, it is enough to check that this 
dg-module can be endowed with the structure of an Og^xg^. '^S{3r)(SrS{3r) 
(I?5(8)ijZ)5)-dg-module. However, by definition jj is a subscheme of qr x g* 
qr. Hence it suffices to extend the action of Ds to an action of Ds '^r Dg 
which factors through the multiplication map Dg ®r Dg — )• Dg- 

Let us consider a morphism Si — >• 52 in i3Cg, associated with an algebra 
morphism A2 — > Ai. Here, for simplicity, we write Ai for As-^ and A2 
for As2- Similarly, we write Di and D2 for Ds^ and Ds2- Then Ai is 
a Di (E's(gfl) -D2-dg-algebra. (Here, the product in Di <8)s(g_R) -^2 is defined 
using the usual sign rule.) Hence one can choose a Di <Xis(gR) -D2-dg-algebra 
Di which is graded-commutative and K-flat as a Di ®s{qr) -D2-dg-module 
(hence also automatically as a S(g/j)-dg-module), and a quasi-isomorphism 

Di^ Ai. Then, we have a quasi-isomorphism Di — )• Di , and a dg-algebra 
morphism D2 — >■ Di. As above, we have equivalences of categories 

VqCoh^{gR XR0jj,Og^xg« ®S(0fi)55flS(g«) (^1 ®/?^l)) = 

VQCoh.^ {qr XR 0^,Og^xgfl (^s{3r)^rS{sr) {Di (E)rDi)) 

^ PQCoh^(5i xrSi). 

In the first category, the object /Cj ^ defined above corresponds to the dg- 
module 

,R '^S(gfl)(g)fl.S(0fl) (^1 ®R S(0i?,)), 
endowed with a Di 0r Di-action which factors through the multiplication 
map. Similarly, there is an equivalence 

X>QCoh^(5i XRS2) = 

VqCoh^ (qr Xfl0i?,Og^x0« ^S(gfl)®«S{0«) (^1 ®R ^2)). 

Under this equivalence and the preceding one, the functor R{ld^ x g)^ is 
simply a restriction of scalars functor induced by the dg-algebra morphism 



AFFINE BRAID GROUP ACTIONS 63 

D2 — )• Di. One can describe similarly the functor L(g x Id^^)* as an exten- 
sion of scalar s functor, and then isomorphism (j5.3.3p is clear. 

The change of equivariance can be treated similarly. □ 

The object /Cf defined in Lemma 15.3.21 will be the kernel for the action 
of Tt- However, as S is not a smooth scheme in general, it is not obvi- 
ous that the associated convolution functor restricts to an endo-functor of 
V'^CobP (S). This will be proved in the following proposition. Here, we 
extend the notation of §1.21 and set, for any i7-scheme X and any T in 
PQCoh^(X -krX), 

J, j VqCoh^{X) PQCoh-^(X) 

Proposition 5.3.4. (1) Let t e y and S in BCg. Let f : S ^ qr be 

the structure morphism, and f '■ S ^ Qr the morphism obtained by 
base change. Then the following diagram commutes: 

PQCoh^(5) PQCohe(0H) 



s 



'■t,Ti 



Z. 

F- 



PQCoh^(5) ^^Ih^ VQCoh^isR). 

(2) The functor stabilizes the subcategory V^Coh.^ (S). 

Proof. (JT]) This follows easily from the projection formula. Indeed, for 7i an 
object of 2?QCoh^(S'), we have isomorphisms 

L 



^ R{q2),R{ld^ X f UJCf^g^gLipfyn) 

^ i?(g2)*i?(Idg X /),(/Cf ^^^^L(Id^ X fYLiqiYn). 

Here, qi : S x r qr ^ S and q2 '■ S x r qr ^ qr are the projections. Now, 
by the projection formula, we obtain 

R{f)*Ff{n) ^ R{q2).{{R{ld^ X f),JC^)§)^^^^^L{qiyn). 

By the definition of ICf (see Lemma [STO]) . we have R{Idg x /)*/Cf = L{f x 
Idg^yOzf Hence, using again the projection formula, 

RUypfm = ii(pf).ii(7xId5)((L(7xIdg)*0^,,)^g^~^L(gi)*?^) 

- fi(pr)*(Oz,«^5,xg,«(7x id^yLiq.yn). 

Now it is clear that R{f x Idg)*L(gi)*-H = L(pf^)*i?(7)*-?^. This concludes 
the proof. 
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(I2|) The fact that F~^' stabihzes P''QCoh^(S') follows from ([I]) and the 

similar claim for the functor F~ which is clear since is smooth. 

Then the claim follows from the fact that the projection Supp(/Cf ) ^ S" is 
proper. □ 

5.4. Proof of Theorem IS.l.ll Now we can prove Theorem 15.1.11 In this 
subsection, we denote by the same symbol "★" the convolution functors 

VqCoh^iS xrS)^VQiCo\i^(S xrS) VqC6bP{S ^rS), 

vqcoh^is XRQR)^vqcoh^(s xrS) ^ vqco\fi (s xrqr), 
vqco\fi{QRKRQR)Kvqco\P(s^RQR) ^ vqcoh^ (s xrqr) 

defined as in ^1.21 

For any t ^ y , the action of the generator Tt € Baff on the category 
V^Colf {S) is defined as the functor 

F~' : P''Coh^(^) ^ P^Coh^(^) 

(see Proposition 15. 3. 41 121)). Through the composition S ^ qr ^ Br, we can 
consider as a scheme over Br, hence we have line bundles Og{x) for any 
X € X. We define the action of 6x as the functor 

^|as(^) . p''Coh^(5) ^ P''Coh^(^). 

Note that this functor is just the twist by the line bundle 0-^{x). Hence the 
claims of Proposition 15.3.41 are also true for the kernel 0^-^{x). 

To prove that these functors associated with the generators induce an 
action of Bag, one easily checks that it is enough to prove the following 
claims: 

(1) lit = Sa, there are isomorphisms 

lCUlCl{-p,p-a) - /cf(-/,,/5-a)*/Cf - O^^ 

in VqCo\f{S XrS). 

(2) The kernels ICf {t G o5^) satisfy the finite braid relations in the 
monoidal category (PQCoh^(S' xr S),*). 

We will only give the proof of the second claim; the first one can be 
obtained similarly. Our proof is copied from [Rl, §4]. To fix notations, we 
take r, t E whose braid relation is Tj-TfTr = TfTrTf. The other cases are 
similar. We have to prove that there is an isomorphism 

or equivalently using claim (1) that there is an isomorphism 



(5.4.1) /Cf (-P, p - a) * /Cf (-P, p - /3) * /Cf (-P, /> - a) * /Cf ★ /Cf ★ K.. 

^ O 



s 

r 

AS' 
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where t = Sa, r = sp. As / is an affine morphism, it is enough to prove that 
ff(Id^x7),(/Cf (-p,/>-a)*/Cf (-p,/)-/3)*/Cf (-p,/>-a)*/Cf*/Cf*/Cf) = 
if i > and that there is an isomorphism of (Idg; x /)*C'^^g-modules 

i?°(Idg X /), (/Cf p - a) */Cf p-13) */Cf p - a) */Cf ★/Cf */Cf ) 

- (Idg X 7),o^^. 

For any M in VqCoh^ (S x r S) and in VqColf (qr XrQr) we have 
isomorphisms 

Or~*M ^ R{ldgXf)^M, M'i^Or- ^ L{fxldg)*M', 

where Tjis the graph of /. (See |RH Lemma 1.2.3] for the first isomorphism, 
and the proof of |RH Corohary 4.3] for the second one.) In particular, using 
Lemma 15.3.21 for u = we obtain isomorphisms 

Or^-*/Cf(-p,p-7) = Oz„,«(-p,p-7)*Or^- 
Hence, convolving the left hand side of (j5.4.ip on the left with Or- we obtain 

(Ozt.fl(-P>P-«)*C'z,,«(-p,p-/3)*Ozt,B(-p,p-a)*Oz,.«*Oz,,«*Oz,,fl) 

Now we have proved in Corollary 11.12.41 that there is an isomorphism 

Ozt,ii{-p, p-a)*Oz,,j,{-p, p- P)*Oz,,^{-p, p-a)-kOz,.,^-*rOzt^i,-*rOz,,^ 

in P''Coh'^«'<('^--)«(0if^ xrQr). The result follows. 

Compatibility with direct images can be proved as in Proposition l5.3.41 |T]). 
using equation (j5.3.3p . Then, compatibility with inverse images follows by 
adjunction. Finally, compatibility with change of scalars functors is clear by 
construction and Lemma 15.3.21 
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